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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MV)xa(ydz)=(xay)a Z,

(MV2) xdy =y X,

(MV3) x ® 0 = x,
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,

(MV3) x ® 0 = x,

(MV4) x & -0 = -0,
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,
(MV3) x & 0 = x,
(MV4) x & -0 = -0,
(MV5) —=—=x = x,
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xey =y o x,
(MV3) x ® 0 = x,
(MV4) x & -0 = -0,
(MV5) —=—x = x,
(MV6)

MVB) -(—-xdy)dy=—-(xD-y)dx
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,

(MV3) x ® 0 = x,

(MV4) x & -0 = -0,

(MV5) —=—=x = x,

(MVB) ~(—x@y)dy=-(x®y)®X.
If we define 1: -0
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,

(MV3) x & 0 = x,

(MV4) x & -0 = -0,

(MV5) —=—=x = x,

(MVB) =(-xdy)dy =-(x® —y) ® X.
If we define 1: -0

(MV4) can be written as:
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:

M) xe(yoz)=(xay) ez

(MV2) xey =y o x,

(MV3) x & 0 = x,

(MV4) x & -0 = -0,

(MV5) —=—=x = x,

(MVB) =(-xdy)dy =-(x® —y) ® X.

If we define 1 : -0

(MV4) can be written as:

(MV4) x 1 =1.
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MV-algebras

An MV-algebra is a system A = (A,®, -, L) such that Ais a
non-empty set, @ is a binary operation, — is a unary operation,
0 € A and the following axioms are satisfied, where x, y, z
denote arbitrary elements of A:
MVl)xe(y®z)=(xay)oz

(MV2) xdy =y X,
(MV3) x & 0 = x,
(MV4) x & -0 = -0,
(MV5) —=—=x = x,

(MVB) =(-xdy)dy =-(x® —y) ® X.
If we define 1: -0
(MV4) can be written as:

(MV4) xe1=1.
Boolean algebras coincide with the MV-algebras satisfying the
condition

XO®X=X.
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Let G be a lattice-ordered abelian group, and let u be a strong
order unit of G.
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Let G be a lattice-ordered abelian group, and let u be a strong
order unit of G.
The segment

0,u:'={xeG:0<x<u}

with the operations
X =U-—X,
X®y=uN(X+Yy)
becomes an MV-algebra, denoted by I'(G, u).
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If Gs denotes the category whose objects are the lattice
ordered commutative groups with a distinguished strong order
unit, and whose morphisms are the /-group homomorphisms
preserving the order units, we have:
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If Gs denotes the category whose objects are the lattice
ordered commutative groups with a distinguished strong order
unit, and whose morphisms are the /-group homomorphisms
preserving the order units, we have:

Theorem (Mundici, J. Funct. Anal., 1986)

I is a functor which defines a natural equivalence from the
category of MV-algebras and homomorphisms onto the
category Gs.
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
-x=1-x,
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
X =1-x,
X®y=min(1,x+y)
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
-x=1-x,

X®y=min(1,x+y)

is the MV-algebra I'(R, 1), called the standard MV-algebra.
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
-x=1-x,

X®y=min(1,x+y)

is the MV-algebra I'(R, 1), called the standard MV-algebra.

Theorem (C. C. Chang (1958))

An equation in the type (2,1,0) holds in all MV-algebras iff it
holds in the standard MV-algebra [0, 1].
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The standard MV-algebra

The real segment [0, 1] with the operations — y & defined as
-x=1-x,

X®y=min(1,x+y)

is the MV-algebra I'(R, 1), called the standard MV-algebra.

Theorem (C. C. Chang (1958))

An equation in the type (2,1,0) holds in all MV-algebras iff it
holds in the standard MV-algebra [0, 1].

An MV-algebra is simple provided it has no non trivial
homomorphic images.

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



Simple algebras

The simple MV-algebras coincide with the subalgebras of [0, 1].
Moreover, the only automorphism of a simple MV-algebra is the
identity.
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Simple algebras

The simple MV-algebras coincide with the subalgebras of [0, 1].
Moreover, the only automorphism of a simple MV-algebra is the
identity.

QN 0, 1]: the subalgebra of [0, 1] formed by the rational
numbers,
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Simple algebras

The simple MV-algebras coincide with the subalgebras of [0, 1].
Moreover, the only automorphism of a simple MV-algebra is the
identity.

QN 0, 1]: the subalgebra of [0, 1] formed by the rational
numbers,
L,, n > 2: the subalgebra of [0, 1] formed by the fractions of
denominator n — 1,

1 n—2
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Simple algebras

The simple MV-algebras coincide with the subalgebras of [0, 1].
Moreover, the only automorphism of a simple MV-algebra is the
identity.

QN 0, 1]: the subalgebra of [0, 1] formed by the rational
numbers,

L,, n > 2: the subalgebra of [0, 1] formed by the fractions of
denominator n — 1,

1 n-2

L, is the only subalgebra of [0, 1] with n elements.
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Simple algebras

The simple MV-algebras coincide with the subalgebras of [0, 1].
Moreover, the only automorphism of a simple MV-algebra is the
identity.

QN 0, 1]: the subalgebra of [0, 1] formed by the rational
numbers,

L,, n > 2: the subalgebra of [0, 1] formed by the fractions of
denominator n — 1,

1 n-2

T R

)

L, is the only subalgebra of [0, 1] with n elements.
L., is subalgebra of L, iff m — 1 divides n— 1.
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Finite MV-algebras

Given an MV-algebra A, let:
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Finite MV-algebras

Given an MV-algebra A, let:

Max(A) = Hom(A, [0,1])
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Finite MV-algebras

Given an MV-algebra A, let:

Max(A) = Hom(A, [0,1])

Let A be a finite MV-algebra. For each x € Max(A), there is a
unique n > 2 such that x(A) = L,, and

A= ] wA.

XEMax(A)
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.

To each finite multiset associate a finite MV-algebra:

(X, 1) = [ Lugost-

xeX
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.

To each finite multiset associate a finite MV-algebra:

(X, 1) = [ Lugost-

xeX

Conversely, given a finite MV-algebra A:
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.

To each finite multiset associate a finite MV-algebra:

(X, 1) = [ Lugost-

xeX

Conversely, given a finite MV-algebra A:

Vx € Max(A), pa(x) = #(x(A)) —1.
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.

To each finite multiset associate a finite MV-algebra:

(X, 1) = [ Lugost-

xeX
Conversely, given a finite MV-algebra A:

Vx € Max(A), pa(x) = #(x(A)) —1.

(Max(A), ua) determines A up to isomorphisms.
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Finite multisets

Finite multiset: a pair (X, 1), where X is a finite set and
w: X —{1,2,3,...} is a function which assigns a finite
multiplicity to each element of X.

To each finite multiset associate a finite MV-algebra:

(X, 1) = [ Lugost-

xeX

Conversely, given a finite MV-algebra A:

Vx € Max(A), pa(x) = #(x(A)) —1.
(Max(A), ua) determines A up to isomorphisms.

Hence we have a bijective correspondence between finite
multisets and isomorphism classes of finite MV-algebras.
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.

[0,1]

h.: Hom(B,[0,1]) — Hom(A,[0,1])
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.

A I, B
ha(x) v X
[0,1]

h.: Hom(B,[0,1]) — Hom(A,[0,1])
Vx € Hom(B, [0, 1]),
h.(x)(A) = x(h(A)) € x(B)
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.

A I, B
ha(x) v X
[0,1]

h.: Hom(B,[0,1]) — Hom(A,[0,1])
Vx € Hom(B, [0, 1]),
h.(x)(A) = x(h(A)) € x(B)

Hence: #(h.(x)(A)) — 1 divides #(x(B)) — 1,
i. e,
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Homomorphisms

A, B finite MV-algebras, h: A — B a homomorphism.

A I, B
ha(x) v X
[0,1]

h.: Hom(B,[0,1]) — Hom(A,[0,1])
Vx € Hom(B, [0, 1]),
h.(x)(A) = x(h(A)) € x(B)

Hence: #(h.(x)(A)) — 1 divides #(x(B)) — 1,
i. e,

Vx € Max(B), pa(h.(x))|rs(x)-
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Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.
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Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.

Let (X,0) -2 (Y, 1) be a morphism.
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Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.

Let (X,0) -2 (Y, 1) be a morphism.

fe ][t = fe ] Lo
yey xeX
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Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.

Let (X,0) -2 (Y, 1) be a morphism.

fe ][t = fe ] Lo
yey xeX

where y
f(x) = f(p(x)), for each x € X.

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.

Let (X,0) -2 (Y, 1) be a morphism.

fe ][t = fe ] Lo
yey xeX

where y
f(x) = f(p(x)), for each x € X.

Makes sense because L, (,(x))+1 is a subalgebra of L,y 1.

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



Definition

A morphism (X, o) == (Y, 7) is a multiplicity decreasing function
¢: X = Y; 0(x) is a multiple of 7(¢(x)) for all x € X.

Let (X,0) -2 (Y, 1) be a morphism.
fe Iy = fe ] Lo
yeY xeX

where y
f(x) = f(p(x)), for each x € X.

Makes sense because L, (,(x))+1 is a subalgebra of L,y 1.
The correspondence f — f is a homomorphism from

[IL-o)st into ] Logost
yey xeX
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Categorical duality

The above constructions leads to the following:
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Categorical duality

The above constructions leads to the following:

There is a natural equivalence between the category M of finite
multisets and FMV°P, the opposite of the category of finite
MV-algebras.
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Categorical duality

The above constructions leads to the following:

There is a natural equivalence between the category M of finite
multisets and FMV°P, the opposite of the category of finite
MV-algebras.

The category FBA of finite boolean algebras is a subcategory
of FMV. By restriction we obtain the well known natural
equivalence between the category of finite sets and the FBA°P.
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Locally finite MV-algebras

The following conditions are equivalent for any MV-algebra A:
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Locally finite MV-algebras

Theorem

The following conditions are equivalent for any MV-algebra A:

(i) A is locally finite, i.e., all its finitely generated subalgebras
are finite.
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Locally finite MV-algebras

Theorem

The following conditions are equivalent for any MV-algebra A:
(i) A is locally finite, i.e., all its finitely generated subalgebras
are finite.

(i) For each prime ideal J of A, the quotient A/J is isomorphic
to a subalgebra of QN [0, 1].
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Locally finite MV-algebras

Theorem

The following conditions are equivalent for any MV-algebra A:
(i) A is locally finite, i.e., all its finitely generated subalgebras
are finite.

(i) For each prime ideal J of A, the quotient A/J is isomorphic
to a subalgebra of QN [0, 1].

(iii) There is a Stone space X such that A is isomorphic to a
separating subalgebra of the MV-algebra Cont(X, QN [0,1])
formed by functions of finite range.
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Locally finite MV-algebras

Theorem

The following conditions are equivalent for any MV-algebra A:
(i) A is locally finite, i.e., all its finitely generated subalgebras
are finite.

(i) For each prime ideal J of A, the quotient A/J is isomorphic
to a subalgebra of QN [0, 1].

(iii) There is a Stone space X such that A is isomorphic to a
separating subalgebra of the MV-algebra Cont(X, QN [0,1])
formed by functions of finite range.

(iv)There is a set Y such that A is isomorphic to a subalgebra of
the MV-algebra (Q N [0,1])Y formed by functions of finite range.
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Locally finite MV-algebras

Theorem

The following conditions are equivalent for any MV-algebra A:
(i) A is locally finite, i.e., all its finitely generated subalgebras
are finite.

(i) For each prime ideal J of A, the quotient A/J is isomorphic
to a subalgebra of QN [0, 1].

(iii) There is a Stone space X such that A is isomorphic to a
separating subalgebra of the MV-algebra Cont(X, QN [0,1])
formed by functions of finite range.

(iv)There is a set Y such that A is isomorphic to a subalgebra of
the MV-algebra (Q N [0,1])Y formed by functions of finite range.
(v) A is a limit of a direct system of finite MV-algebras with
injective transition morphisms.
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Supernatural numbers

A supernatural number is a function v: P — {0,1,..., 00},
where P denotes the sequence of prime numbers.
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Supernatural numbers

A supernatural number is a function v: P — {0,1,..., 00},
where P denotes the sequence of prime numbers.

Each natural number n can be identified with the supernatural
number v, such that, for each p € P, vy(p) is the greatest
integer k > 0 such that p* divides n.
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Supernatural numbers

A supernatural number is a function v: P — {0,1,..., 00},
where P denotes the sequence of prime numbers.

Each natural number n can be identified with the supernatural
number v, such that, for each p € P, vy(p) is the greatest
integer k > 0 such that p* divides n.

The supernatural numbers of the form v, for n € N, are said to
be finite.
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Supernatural numbers

A supernatural number is a function v: P — {0,1,..., 00},
where P denotes the sequence of prime numbers.

Each natural number n can be identified with the supernatural
number v, such that, for each p € P, vy(p) is the greatest
integer k > 0 such that p* divides n.

The supernatural numbers of the form v, for n € N, are said to
be finite.

A supernatural number v is finite iff {p € P | v(p) # 0} is a finite
setand v(p) < oo for all p € P.
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The lattice G

Given two supernatural numbers v and p, we write v <y iff
v(p) < p(p) forall p € P.
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The lattice G

Given two supernatural numbers v and p, we write v <y iff
v(p) < u(p) forall p € P.

Endowed with this order relation, the set of supernatural
numbers form a complete distributive lattice (as a matter of fact,
a complete Heyting algebra), denoted G.
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The lattice G

Given two supernatural numbers v and p, we write v <y iff
v(p) < u(p) forall p € P.
Endowed with this order relation, the set of supernatural

numbers form a complete distributive lattice (as a matter of fact,
a complete Heyting algebra), denoted G.

The correspondence n — vy, is an order isomorphism from Ny
(the lattice of natural numbers ordered by divisibility) and the
sublattice of G formed by the finite supernatural numbers.
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G as a topological space

The lattice G of supernatural numbers shall be equipped with
the Scott topology,
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G as a topological space

The lattice G of supernatural numbers shall be equipped with
the Scott topology, i. €., the topology having as an open basis
all sets of the form

Uy ={reGlv>vy}, n=1,23,....
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G as a topological space

The lattice G of supernatural numbers shall be equipped with
the Scott topology, i. €., the topology having as an open basis
all sets of the form

Uy ={reGlv>vy}, n=1,23,....

By abuse of notation, G shall also denote the resulting
topological space.
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G as a topological space

The lattice G of supernatural numbers shall be equipped with
the Scott topology, i. €., the topology having as an open basis
all sets of the form

Uy ={reGlv>vy}, n=1,23,....

By abuse of notation, G shall also denote the resulting
topological space.

For each topological space X, the set Cont(X, G) of
continuous functions from X into G, endowed with the
pointwise order, is a complete lattice.
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The category of multisets

Denoting by S the category of Stone spaces and continuous
maps, we define the category C of multisets as follows:
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The category of multisets

Denoting by S the category of Stone spaces and continuous
maps, we define the category C of multisets as follows:

Objects: All pairs (S, o) such that S is a Stone space and
o: S — G is continuous.
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The category of multisets

Denoting by S the category of Stone spaces and continuous
maps, we define the category C of multisets as follows:

Objects: All pairs (S, o) such that S is a Stone space and
o: S — G is continuous.

Morphisms: Whenever (R, p) and (S, o) are objects in C, then a
morphism
(R.p) == (8,0)

is a continuous function ¢: R — S such that p > o, with
respect to the pointwise order.
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The category of multisets

Denoting by S the category of Stone spaces and continuous
maps, we define the category C of multisets as follows:

Objects: All pairs (S, o) such that S is a Stone space and
o: S — G is continuous.

Morphisms: Whenever (R, p) and (S, o) are objects in C, then a
morphism

(R,p) = (S.0)

is a continuous function ¢: R — S such that p > o, with
respect to the pointwise order.

We shall define a functor from the category LFMYV of locally
finite MV-algebras and homomorphisms, to the category C.
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The functor M

Let A be a locally finite MV-algebra.
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The functor M

Let A be a locally finite MV-algebra.

Hom(A, [0, 1]) becomes a compact Hausdorff space with the
topology inherited from the product topology in [0, 1]4.

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



The functor M

Let A be a locally finite MV-algebra.

Hom(A, [0, 1]) becomes a compact Hausdorff space with the
topology inherited from the product topology in [0, 1]4.

For each x € Hom(A,[0,1]), A/Ker(x) = x(A) is a subalgebra
S, of @N [0, 1].
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The functor M

Let A be a locally finite MV-algebra.

Hom(A, [0, 1]) becomes a compact Hausdorff space with the
topology inherited from the product topology in [0, 1]4.

For each x € Hom(A,[0,1]), A/Ker(x) = x(A) is a subalgebra
S, of @N [0, 1].

Associate with S, the generalized natural number v, such that
for each prime number p,
n if j€8 and i ¢S,

Vx(p) =
0o i # € S, for every integer k > 0.
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The functor M

Define o4: X(A) — G as

aa(x) = vy

for each x € X(A).
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The functor M

Define o4: X(A) — G as

oa(x) = v
for each y € X(A).
It follows that M(A) := (Hom(A,[0,1]),04) is a multiset.
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The functor M

Define o4: X(A) — G as

aa(x) = vy
for each x € X(A).
It follows that M(A) := (Hom(A,[0,1]),04) is a multiset.

Let A, B be locally finite MV-algebras, and h: A — Bbe a
homomorphism.
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The functor M

Define o4: X(A) — G as
oa(x) = v

for each x € X(A).
It follows that M(A) := (Hom(A,[0,1]),04) is a multiset.

Let A, B be locally finite MV-algebras, and h: A — Bbe a

homomorphism.
For each x € Hom(B, [0, 1]), x(h(A)) is a subalgebra of x(B).
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The functor M

Define o4: X(A) — G as
aa(x) = vy
for each x € X(A).

It follows that M(A) := (Hom(A,[0,1]),04) is a multiset.

Let A, B be locally finite MV-algebras, and h: A — Bbe a

homomorphism.
For each x € Hom(B, [0, 1]), x(h(A)) is a subalgebra of x(B).

Hence
oa((h(x)) < os(x),

whence h, is a morphism in C. we define

M(h) = h,.
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The functor M

Define o4: X(A) — G as
oa(x) = v
for each x € X(A).

It follows that M(A) := (Hom(A,[0,1]),04) is a multiset.

Let A, B be locally finite MV-algebras, and h: A — Bbe a

homomorphism.
For each x € Hom(B, [0, 1]), x(h(A)) is a subalgebra of x(B).

Hence
oa((h(x)) < os(x),

whence h, is a morphism in C. we define

M(h) = h,.

M is a functor from LFMYV to C°P.
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Categorical equivalences

Theorem (Cignoli, Dubuc, Mundici, J. Pure Appl. Alg., 2004)

The functor M establishes a natural duality between the
categories LFMV and C.
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Categorical equivalences

Theorem (Cignoli, Dubuc, Mundici, J. Pure Appl. Alg., 2004)

The functor M establishes a natural duality between the
categories LFMV and C.

The algebras in the subvariety of MV-algebras generated by the
tukasiewicz chain L, are known as MV -algebras. They form a
full subcategory of LFMYV, denoted MV,

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



Categorical equivalences

Theorem (Cignoli, Dubuc, Mundici, J. Pure Appl. Alg., 2004)

The functor M establishes a natural duality between the
categories LFMV and C.

The algebras in the subvariety of MV-algebras generated by the
tukasiewicz chain L, are known as MV -algebras. They form a
full subcategory of LFMYV, denoted MV,

Each MV -algebra is a subdirect product of subalgebras of L.
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Categorical equivalences

Theorem (Cignoli, Dubuc, Mundici, J. Pure Appl. Alg., 2004)

The functor M establishes a natural duality between the
categories LFMV and C.

The algebras in the subvariety of MV-algebras generated by the
tukasiewicz chain L, are known as MV -algebras. They form a
full subcategory of LFMYV, denoted MV,

Each MV -algebra is a subdirect product of subalgebras of L.

Cn denotes the full subcategory of C whose objects are the
multisets (X, o) such that o(x) < v, for all x € X.
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Categorical equivalences

Theorem (Cignoli, Dubuc, Mundici, J. Pure Appl. Alg., 2004)

The functor M establishes a natural duality between the
categories LFMV and C.

The algebras in the subvariety of MV-algebras generated by the
tukasiewicz chain L, are known as MV -algebras. They form a
full subcategory of LFMYV, denoted MV,

Each MV -algebra is a subdirect product of subalgebras of L.

Cn denotes the full subcategory of C whose objects are the
multisets (X, o) such that o(x) < v, for all x € X.

The restriction of M to MV, establishes a natural duality
between MV, and C,,.
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Why supernatural numbers?

Each supernatural number v defines an ordered subgroup G,
of Q by the prescription:
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Why supernatural numbers?

Each supernatural number v defines an ordered subgroup G,
of Q by the prescription:

G,,:{Zeozp,qez, q>0 vg <v}
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Why supernatural numbers?

Each supernatural number v defines an ordered subgroup G,
of Q by the prescription:

G,,:{Zeozp,qez, q>0 vg <v}

Theorem (Effros, 1980)

The correspondence v — G, defines an order isomorphism
from the lattice G of supernatural numbers onto the lattice of
ordered subgroups of Q containing 1.
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Why supernatural numbers?

Each supernatural number v defines an ordered subgroup G,
of Q by the prescription:

GV:{ZEQ:p,qu, q>0 vg <v}

Theorem (Effros, 1980)

The correspondence v — G, defines an order isomorphism
from the lattice G of supernatural numbers onto the lattice of
ordered subgroups of Q containing 1.

Corollary

The correspondence v — I(G,, 1) defines an order
isomorphism from the lattice G onto the lattice of subalgebras
of the MV-algebra QN [0, 1].
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Subalgebras of the standard MV-algebra

Hence the lattice G of supernatural numbers is isomorphic to
the lattice of rational subalgebras of the standard MV-algebra
[0, 1].
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Subalgebras of the standard MV-algebra

Hence the lattice G of supernatural numbers is isomorphic to
the lattice of rational subalgebras of the standard MV-algebra
[0,1].

Instead of G we may consider the lattice H of all subalgebras of
the standard MV-algebra [0, 1].
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Subalgebras of the standard MV-algebra

Hence the lattice G of supernatural numbers is isomorphic to
the lattice of rational subalgebras of the standard MV-algebra
[0,1].

Instead of G we may consider the lattice H of all subalgebras of
the standard MV-algebra [0, 1].

An element z in a complete lattice L is compact provided that
for each subset X of L, if z <'\/, . X, then there is a finite set
F C Xsuchthatz <\/, g x.
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Subalgebras of the standard MV-algebra

Hence the lattice G of supernatural numbers is isomorphic to
the lattice of rational subalgebras of the standard MV-algebra
[0,1].

Instead of G we may consider the lattice H of all subalgebras of
the standard MV-algebra [0, 1].

An element z in a complete lattice L is compact provided that
for each subset X of L, if z <'\/, . X, then there is a finite set
F C Xsuchthatz <\/, g x.

We denote by K(L) the set of compact elements in L.
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Subalgebras of the standard MV-algebra

Hence the lattice G of supernatural numbers is isomorphic to
the lattice of rational subalgebras of the standard MV-algebra
[0,1].

Instead of G we may consider the lattice H of all subalgebras of
the standard MV-algebra [0, 1].

An element z in a complete lattice L is compact provided that
for each subset X of L, if z <'\/, . X, then there is a finite set
F C Xsuchthatz <\/, g x.

We denote by K(L) the set of compact elements in L.

An algebraic lattice is a complete lattice L such that every
element in L is a supremum of compact elements.
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Scott topology

The Scott topology on an algebraic lattice L is the topology
having as a basis the principal filters [z) = {x € L : z < x} for
all z € K(L).
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Scott topology

The Scott topology on an algebraic lattice L is the topology
having as a basis the principal filters [z) = {x € L : z < x} for
all z € K(L).

By universal algebra, it follows that H is an algebraic lattice
whose compact elements are the finitely generated
subalgebras.
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Scott topology

The Scott topology on an algebraic lattice L is the topology
having as a basis the principal filters [z) = {x € L : z < x} for
all z € K(L).

By universal algebra, it follows that H is an algebraic lattice
whose compact elements are the finitely generated
subalgebras.

Suppose H is equipped with the Scott topology and let X be a
topological space.
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Scott topology

The Scott topology on an algebraic lattice L is the topology
having as a basis the principal filters [z) = {x € L : z < x} for
all z € K(L).

By universal algebra, it follows that H is an algebraic lattice
whose compact elements are the finitely generated
subalgebras.

Suppose H is equipped with the Scott topology and let X be a
topological space.

A function f: X — H is continuous if and only if given x € X
and z € f(x), there is an open neighborhood U of x such that
zef(y)forally e U.
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Define the category RM as follows:
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Define the category RM as follows:

Objects: All pairs (X, o) such that X is a boolean space and
o: X — His continuous for the Scott topology of H.
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Define the category RM as follows:
Objects: All pairs (X, o) such that X is a boolean space and
o: X — His continuous for the Scott topology of H.

Morphisms: Whenever (Y, p) and (X, o) are objects in RM,
then a morphism ¢: (Y, p) — (X, o) is a continuous function
w: Y — Xsuchthat p(y) D a(e(y)), forally e Y.
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Define the category RM as follows:

Objects: All pairs (X, o) such that X is a boolean space and
o: X — His continuous for the Scott topology of H.

Morphisms: Whenever (Y, p) and (X, o) are objects in RM,
then a morphism ¢: (Y, p) — (X, o) is a continuous function
w: Y — Xsuchthat p(y) D a(e(y)), forally e Y.

We call the objects of RM real multisets.
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Weakly finite MV-algebras

Recall that every finite MV-algebra is isomorphic to a finite
direct product of finite subalgebras of the standard MV-algebra.
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Weakly finite MV-algebras

Recall that every finite MV-algebra is isomorphic to a finite
direct product of finite subalgebras of the standard MV-algebra.

This leads us to say that an MV-algebra is weakly finite
provided it is isomorphic to a finite direct product of
subalgebras of the standard MV-algebra.
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Weakly finite MV-algebras

Recall that every finite MV-algebra is isomorphic to a finite
direct product of finite subalgebras of the standard MV-algebra.

This leads us to say that an MV-algebra is weakly finite
provided it is isomorphic to a finite direct product of
subalgebras of the standard MV-algebra.

The following is a crucial result:
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Weakly finite MV-algebras

Recall that every finite MV-algebra is isomorphic to a finite
direct product of finite subalgebras of the standard MV-algebra.

This leads us to say that an MV-algebra is weakly finite
provided it is isomorphic to a finite direct product of
subalgebras of the standard MV-algebra.

The following is a crucial result:

An MV-algebra A is weakly finite if and only if A is semisimple
and Max(A) is finite.

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



Weakly locally finite MV-algebras

We say that an MV-algebra is locally weakly finite provided all
its finitely generated subalgebras are weakly finite.
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Weakly locally finite MV-algebras

We say that an MV-algebra is locally weakly finite provided all
its finitely generated subalgebras are weakly finite.

We shall denote by LWT the full subcategory of MV whose
objects are the locally weakly finite MV-algebras.
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Weakly locally finite MV-algebras

We say that an MV-algebra is locally weakly finite provided all
its finitely generated subalgebras are weakly finite.

We shall denote by LWT the full subcategory of MV whose
objects are the locally weakly finite MV-algebras.

LFMYV is a a full subcategory of LWF.
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Weakly locally finite MV-algebras

We say that an MV-algebra is locally weakly finite provided all
its finitely generated subalgebras are weakly finite.

We shall denote by LWT the full subcategory of MV whose
objects are the locally weakly finite MV-algebras.

LFMYV is a a full subcategory of LWF.

Cont(X, [0, 1]4): the MV-algebra of functions from a topological
space X into the standard MV-algebra that are continuous with
respect to the discrete topology of [0, 1].
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Weakly locally finite MV-algebras

We say that an MV-algebra is locally weakly finite provided all
its finitely generated subalgebras are weakly finite.

We shall denote by LWT the full subcategory of MV whose
objects are the locally weakly finite MV-algebras.

LFMYV is a a full subcategory of LWF.

Cont(X, [0, 1]4): the MV-algebra of functions from a topological
space X into the standard MV-algebra that are continuous with
respect to the discrete topology of [0, 1].
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Characterization of locally weakly finite MV-algebras

The following are equivalent conditions for any MV-algebra A.
(i) A€ LWF.

(i) There is a boolean space X such that A is isomorphic to a
separating subalgebra A of the MV-algebra Cont(X, [0, 1])
formed by functions of finite range: range(a) finite for all
acA.

(iii) There is a boolean space X such that A is isomorphic to a
separating subalgebra of Cont(X, [0, 1]4).

(iv) There is a set X such that A is isomorphic to a subalgebra
of the MV-algebra [0, 1]X formed by functions of finite
range.
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Characterization of locally weakly finite MV-algebras

The following are equivalent conditions for any MV-algebra A.
(i) A€ LWF.

(i) There is a boolean space X such that A is isomorphic to a
separating subalgebra A of the MV-algebra Cont(X, [0, 1])
formed by functions of finite range: range(a) finite for all
acA.

(iii) There is a boolean space X such that A is isomorphic to a
separating subalgebra of Cont(X, [0, 1]4).

(iv) There is a set X such that A is isomorphic to a subalgebra
of the MV-algebra [0, 1]X formed by functions of finite
range.

It follows that locally weakly finite MV-algebras are
hyperarchimedean.
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The class LWT is closed under subalgebras and homomorphic
images.
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The class LWT is closed under subalgebras and homomorphic
images.

The class LWTF is not closed under direct products, but:

Roberto Cignoli Weakly locally finite MV-algebras and real-valued multisets



The class LWF is closed under subalgebras and homomorphic
images.

The class LWTF is not closed under direct products, but:

Theorem

For any set | #+ () and family {A;}ic, of algebras in LWF, there
exists P € LWF, together with homomorphisms p;: P — A;, for
each i € |, satisfying the following universal property: Given
any B € LWF and homomorphisms f;: B — A;, fori € |, there
is a unique homomorphism h: B — P making the following
diagram commutative, for each i € I:

fi ™\ v pi
A

v
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The main result

The categories LWF and RM are dually equivalent.
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The main result

The categories LWF and RM are dually equivalent.

To prove the theorem we constructed:
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The main result

The categories LWF and RM are dually equivalent.

To prove the theorem we constructed:
@ A functor F from LWF to RM°°
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The main result

The categories LWF and RM are dually equivalent.

To prove the theorem we constructed:

@ A functor F from LWTF to RMP
and

@ A functor G from RM to LWEFP.
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).

Suppose a € g4(§) for some ¢ € Max(A).
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).

Suppose a € g4(§) for some ¢ € Max(A).
Then there is a € A such that a(¢) = £(a) = a.
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).

Suppose a € g4(§) for some ¢ € Max(A).

Then there is a € A such that a(¢) = £(a) = a.

The continuity of & with respect to the discrete topology of [0, 1]
implies that U = 8~ '({a}) is open in Max(A), and obviously

a € op(x) forall x € U.
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).

Suppose a € g4(§) for some ¢ € Max(A).

Then there is a € A such that a(¢) = £(a) = a.

The continuity of & with respect to the discrete topology of [0, 1]
implies that U = 8~ '({a}) is open in Max(A), and obviously

a € op(x) forall x € U.

This shows that o4 is continuous with respect to the Scott
topology on Sub([0, 1]).
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The functor F from LWTF to RM°P

Let A be a locally weakly finite MV-algebra.

We know that Max(A) is a boolean space and that A is
isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]4).

Define o4: Max(A) — Sub([0, 1]) by the prescription

oa(x) = x(A) for all x € Max(A).

Suppose a € g4(§) for some ¢ € Max(A).

Then there is a € A such that a(¢) = £(a) = a.

The continuity of & with respect to the discrete topology of [0, 1]
implies that U = 8~ '({a}) is open in Max(A), and obviously

a € op(x) forall x € U.

This shows that o4 is continuous with respect to the Scott
topology on Sub([0, 1]).

Therefore (Max(A), o4) is an object of RM.
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.
For each x € Max(B), let h.(x) denote the composition xh.
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.

For each x € Max(B), let h.(x) denote the composition xh.
We have that h,.: Max(B) — Max(A) is continuous.
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.

For each x € Max(B), let h.(x) denote the composition xh.
We have that h,.: Max(B) — Max(A) is continuous.
Moreover, since x(h(A)) C x(B), ca(h.(x)) C os(x)-
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.

For each x € Max(B), let h.(x) denote the composition xh.
We have that h,.: Max(B) — Max(A) is continuous.
Moreover, since x(h(A)) C x(B), ca(h.(x)) C os(x)-
Therefore h, is a morphism in RM.
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Suppose now that A, B are locally weakly finite MV-algebras,
and let h: A — B be a homomorphism.

For each x € Max(B), let h.(x) denote the composition xh.
We have that h,.: Max(B) — Max(A) is continuous.
Moreover, since x(h(A)) C x(B), ca(h.(x)) C os(x)-
Therefore h, is a morphism in RM.

If F(A) = (Max(A), oa) for each object A in LWF, and F(h) = h,

for each morphism A I Bin LWT, then F is a contravariant
functor from LWF into RM, i. e., a functor from LWF into RM°P.
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The functor G from RM to LWIF°P

Given an object P = (X, o) of RM, let Ep be the disjoint union
of the MV-algebras o(x) for x € X, equipped with the canonical
projection into X:
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The functor G from RM to LWIF°P

Given an object P = (X, o) of RM, let Ep be the disjoint union
of the MV-algebras o(x) for x € X, equipped with the canonical
projection into X:

Er={(x,r) | rea(x)CI0, 1]}

Ep E))(7 TFP(X, r) = X.
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The functor G from RM to LWIF°P

Given an object P = (X, o) of RM, let Ep be the disjoint union
of the MV-algebras o(x) for x € X, equipped with the canonical
projection into X:

Ep={(x,r)| reo(x)Clo0, 1]}

Ep E))(7 TFP(X, r) = X.

Define in E = Ep the topology generated by the subbasic sets
of the form (U x {r}) N E, for U openin X and r € [0, 1].
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The functor G from RM to LWIF°P

Given an object P = (X, o) of RM, let Ep be the disjoint union
of the MV-algebras o(x) for x € X, equipped with the canonical
projection into X:

Ep={(x,r)| reo(x) |0, 1]}
Ep E) X, TFP(X, r) = X.
Define in E = Ep the topology generated by the subbasic sets

of the form (U x {r}) N E, for U openin X and r € [0, 1].

Then Ep is Hausdorff and 7p is a local homeomorphism.
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define

- e:=(x,78)
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define

- e:=(x,78)

evf=(x,sdt),
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define

- e:=(x,78)

evf=(x,sdt),

then — is a continuous operation from Ep into Ep and @ is
continuous from {(e, f) € Ep x Ep : mp(e) = wp(f)} into Ep.
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define

- e:=(x,78)

evf=(x,sdt),

then — is a continuous operation from Ep into Ep and @ is
continuous from {(e, f) € Ep x Ep : mp(e) = wp(f)} into Ep.

For each object P = (X, o) of RM, (Ep, X, 7p) is a global
Hausdorff sheaf of simple MV-algebras.
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If for e = (x, s) and f = (x, ) in {x} x o(x) we define

- e:=(x,78)

evf=(x,sdt),

then — is a continuous operation from Ep into Ep and @ is
continuous from {(e, f) € Ep x Ep : mp(e) = wp(f)} into Ep.

For each object P = (X, o) of RM, (Ep, X, 7p) is a global
Hausdorff sheaf of simple MV-algebras.

(Global means that each e € Ep belongs to the image of a
continuous global section.)
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MV-algebras of continuous global sections

Recall that a continuous global section is a continuous function
s: X — Ep such that 7p(s(x)) = x for all x € X.
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MV-algebras of continuous global sections

Recall that a continuous global section is a continuous function
s: X — Ep such that 7p(s(x)) = x for all x € X.

Since Ep is a global Hausdorff sheaf of simple MV-algebras,
the continuous global sections, with the operations defined
pointwise, is an MV-algebra that we shall denote by A(Ep).
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MV-algebras of continuous global sections

Recall that a continuous global section is a continuous function
s: X — Ep such that 7p(s(x)) = x for all x € X.

Since Ep is a global Hausdorff sheaf of simple MV-algebras,
the continuous global sections, with the operations defined
pointwise, is an MV-algebra that we shall denote by A(Ep).

The MV-algebras of continuous global sections of global
Hausdorff sheaves of MV-algebras over boolean spaces are
also known as boolean products of MV-algebras.
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MV-algebras of continuous global sections

Recall that a continuous global section is a continuous function
s: X — Ep such that 7p(s(x)) = x for all x € X.

Since Ep is a global Hausdorff sheaf of simple MV-algebras,
the continuous global sections, with the operations defined
pointwise, is an MV-algebra that we shall denote by A(Ep).

The MV-algebras of continuous global sections of global
Hausdorff sheaves of MV-algebras over boolean spaces are
also known as boolean products of MV-algebras.
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Let Ep 2% [0, 1] be the other projection, Ap(x, r) = r.
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Let Ep 2% [0, 1] be the other projection, Ap(x, r) = r.
The continuity of o implies that Ap € Cont(Ep, [0, 1]4).
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Let Ep RN [0, 1] be the other projection, A\p(x, r) =r.

The continuity of o implies that Ap € Cont(Ep, [0, 1]4).

For each s € A(Ep), Ap, denotes the composition \ps, then
Ap, is an isomorphism from A(Ep) onto a separating
subalgebra A of the MV-algebra Cont(X, [0, 1]4).
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Let Ep RN [0, 1] be the other projection, A\p(x, r) =r.

The continuity of o implies that Ap € Cont(Ep, [0, 1]4).

For each s € A(Ep), Ap, denotes the composition \ps, then
Ap, is an isomorphism from A(Ep) onto a separating
subalgebra A of the MV-algebra Cont(X, [0, 1]4).

Let P = (X, o) be an object of RM. Then (Ep, X, wp) is a global
Hausdorff sheaf of subalgebras of the standard MV-algebra,
and the MV-algebra A(Ep) is locally weakly finite.
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Let P = (X,0),Q = (Y, p) be objects in RM and let
(P,o) - (Q, p) be a morphism.
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Let P=(X,0),Q = (Y, p) be objects in RM and let

(P,o) LN (Q, p) be a morphism.
For each x € X, p(f(x)) is a subalgebra of o(x), hence for each
section s € A(Eq) the correspondence
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Let P=(X,0),Q = (Y, p) be objects in RM and let

(P,o) LN (Q, p) be a morphism.
For each x € X, p(f(x)) is a subalgebra of o(x), hence for each
section s € A(Eq) the correspondence

x = (X, Aa(s(f(x))))

defines a section f*(s) € A(Ep) and f*: A(Eq) — A(Ep) is a
homomorphism.
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Let P=(X,0),Q = (Y, p) be objects in RM and let

(P,o) LN (Q, p) be a morphism.
For each x € X, p(f(x)) is a subalgebra of o(x), hence for each
section s € A(Eq) the correspondence

x = (X, Aa(s(f(x))))

defines a section f*(s) € A(Ep) and f*: A(Eq) — A(Ep) is a
homomorphism.

If G(P) = A(Ep) for each object P = (X, o) of RM, and if

G(f) = f* for each morphism P = (X, o) LN (Y,p)=Q, thenG
is a contravariant functor from RM into LWEF, i. e., a functor
from RM into LWEFP,
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The equivalence

Let A€ LWF and let P = (Max(A), o).
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The equivalence

Let A€ LWF and let P = (Max(A), o). A
Ais isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]).
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:

a(x) = (x, a(x)) = (x, x(a)) for all x € Max(A).
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of

Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:

a(x) = (x, a(x)) = (x, x(a)) for all x € Max(A).

If na(a) = afor all a € A, then 4 is an isomorphism from A onto
G(F(A)).
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of
Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:

a(x) = (x, a(x)) = (x, x(a)) for all x € Max(A).

If na(a) = afor all a € A, then 4 is an isomorphism from A onto
G(F(A)).

Let P = (X, o) be an object in RM.
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of

Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:

a(x) = (x, a(x)) = (x, x(a)) for all x € Max(A).

If na(a) = afor all a € A, then 4 is an isomorphism from A onto
G(F(A)).

Let P = (X, o) be an object in RM.

For each x € X, let ep(x) = xxA«, Where xy is evaluation at x.
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The equivalence

Let A€ LWF and let P = (Max(A), o).

A is isomorphic to a separating subalgebra A of

Cont(Max(A), [0, 1]).

For each a € A, let a: Max(A) — Ep be defined by the
prescription:

a(x) = (x, a(x)) = (x, x(a)) for all x € Max(A).

If na(a) = afor all a € A, then 4 is an isomorphism from A onto
G(F(A)).

Let P = (X, o) be an object in RM.

For each x € X, let ep(x) = xxA«, Where xy is evaluation at x.
ep is an isomorphism from (X, o) onto (Max(A(Ep)), oa(es)) =
G(F((X,0)) in RM.
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For each pair A, B of locally weakly finite MV-algebras and each
homomorphism h: A — B the following diagram commutes:

A LN B
oal log
G(F(A) " aFB))
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For each pair A, B of locally weakly finite MV-algebras and each
homomorphism h: A — B the following diagram commutes:

h

A — B
oal log
G(F(A) "B G(F(B))

If P=(X,0),Q=(Y,p) are objects in RM and
(X,0) LN (Y, p) is a morphism, then the following diagram
commutes:

(X,0) L ()

ep lea
FG((X,0)) 0 F(G((Y,p)))
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Finalremarks

There are examples of non-hyperarchimedean semisimple
MV-algebras A such that o4: Max(A) — Sub([0, 1]) is Scott
continuos.
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Finalremarks

There are examples of non-hyperarchimedean semisimple
MV-algebras A such that o4: Max(A) — Sub([0, 1]) is Scott
continuos.

There are also examples of hyperarchimedean MV-algebras A
such that o4: Max(A) — Sub([0, 1]) is not Scott continuos.
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