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0 The common precedent: Leibniz hierarchy in AAL
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@ Lindenbaum-Tarski proof of completeness of CPC relies on the
equivalence connective.

® T tfcec -

] <Oz,ﬁ> S Q(T) iff T Fcpe a <= (5.

@ Consider the quotient Fm, /Q)(T). It is a Boolean algebra.

O T [Epm, jo(r) ¥-

@ (a, ) € QT) if, and only, if for every formula x(p) in one variable,
T Fepe x(a) iff T Fepe x(6). (The Leibniz congruence)

@ Generalization to non-classical logics.
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The Leibniz Hierarchy

@ L is called protoalgebraic if €2 is monotone on Th(L), i.e. for every
T, T, € Th(L), if T, CT, then Q(T]) - Q(Tz).

© L is called equivalential if 2 is monotone and commutes with
inverse substitutions on Th(L), i.e. for every T € Th(L) and every
o € Subg, Q(o71[T]) = o~ HQ(T)).

© L is called weakly algebraizable if 2 is monotone and injective on
Th(L).

© L is called algebraizable if Q is monotone and injective and it
commutes with inverse substitutions on Th(L).
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The role of (definable) equivalencies in the hierarchy

L propositional language, < (p, ¢, 7) C Fm, set of formulae in two
variables and (possibly) parameters.

¢ < 1 denotes the set (J{<(p, v, @) | @ € Fm;*}.
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The role of (definable) equivalencies in the hierarchy

e A logic S is protoalgebraic iff there is a set of formulae < (p, ¢, 7)
(called parameterized equivalence set) such that

R) Fspep

(MP)  p.peqhsq

(Cng) peghsc(si...sic,py...)<c(sy...Sim1,¢,...)

e A logic S is equivalential iff there is a set of formulae < (p, ¢) (called
equivalence set) such that

R) Fkspep

(MP)  p.peqhsq

(Cng) peghtsc(si...sici,py...)<clsy...Sim1,q,...)

Petr Cintula and Carles Noguera Implicational vs. order algebraizable logics September 10, 2010 7139



(Parameterized) equivalence sets define the Leibniz congruence:

(p, ) € Q(T) if,and only, T by, ¢ < 1.
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Algebraizability

An equivalential (protoalgebraic) logic L is (weakly) algebraizable if
there exists a set £(p) of equations in one variable such that

(Alg) P AH;L UQ%’M;EE(I)) P <~ ,l/}
The truth predicate is equationally definable:

given (A, F) € MOD*(L), a € Fiff p(a) = v (a) for every ¢ = 1) € E(p).
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Algebraizability

A logic L is algebraizable if it is equivalent to an equational
consequence =i for some class of algebras K, i.e. there exist
translations 7 : Fm; — Eq, and p : Eq, — Fm, such that:

o [ty piff [l =i 7(p)
® a~ =k Tlpla~ B) and 7[p(a = B)] Fr a = B,
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@ L is called finitely equivalential (algebraizable) if it is equivalential
(algebraizable) with a finite equivalence set.

© L is called regularly weakly algebraizable if it has a parameterized
equivalence set satisfying the G-rule.

© L is called regularly (finitely) algebraizable if it has a (finite)
equivalence set satisfying the G-rule.

G-rule: p,gFLp < q.
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Leibniz hierarchy

regularly finitely
algebraizable

SN

finitely regularly
algebraizable ‘/algebraiz<
finitely algebraizable regularly weakly
e%ivale& / \ ?raizable
equivalential weakly algebraizable

N

protoalgebraic
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e The hierarchy of implicational logics

Petr Cintula and Carles Noguera Implicational vs. order algebraizable logics September 10, 2010 13/39



A set =(p,q, 7) C Fm, is a weak p-implication in a logic L if:

(R) FLe =@

(MP) g, o=t

(T) =P, =xkFLp =X

(Scng) SO:>1/}51/}:>SDFLC(Xh"'aXi—laSDa"'aXn):>

= (X1, Xie1,0, ..., Xa) foreach (c,n) € £ andi < n.

We change the prefix weak to algebraic if there exists a set £(p) of
equations in one variable such that

(Alg) P AL Upnyee(y (9 = DIV (0 =)
We change the prefix weak to regular if:

(Reg) @, LY=o
We change the prefix weak to Rasiowa if:

(W) ohLy =0
Finally, if = is parameter-free we drop the prefix p-.

Petr Cintula and Carles Noguera Implicational vs. order algebraizable logics September 10, 2010

14 /39



LetL be a logic and = a weak (p-)implication inL. Then, L is
equivalential (protoalgebraic) with the (parameterized) equivalence set

&(p,q, 7)==(p,q, 7)U=(q,p, 7).

Each Rasiowa p-implication is a regular p-implication and each regular
p-implication is an algebraic p-implication.
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The classes of implicational logics

Let L be a logic. We say that L is a

if there is a (parameterized) set of formulae = which is a
weak/algebraic/regular/Rasiowa (p-)implication in L.

We add the prefix finitely if the set = is finite.
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We say that L is a

weakly/algebraically/regularly/Rasiowa-

if it is a weakly/algebraically/regularly/Rasiowa- implicational logic with
= being a parameter-free singleton.
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The hierarchy of implicational logics

Rasiowa-implicative

/N

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
weakly finitely regularly Rasiowa-p-implicational
implicative algebraizable algebraizable
finitely _ finitely algebraizable regularly weakly _ regularly
weakly implicational equwalentlal / \ /algebralzable p-implicational
weakly implicational = equwalentlal weakly algebraizable = algebraically

\ / p-implicational

weakly p-implicational = protoalgebraic
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Implications in the semantics

Definition

Let L be a logic, = a weak p-implication, and A = (A, F) a matrix. We
define a binary relation <7 on A as:

a<y b iff a="bCF

Lemma

LetL be a logic, = a weak p-implication, and A = (A, F) € MOD(L).
Then:

e < is apreorder.

@ <7 is an order if, and only if, A is reduced.

@ Qu(F) =<y n(<x)

@ Fisanupsetw.rt. <7, ie.ifac Fanda <y b,thenb c F.
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A formal definition of fuzzy logic

MODZ (L): class of reduced models where the order is linear.

MODZ (L) € MOD*(L)ggs.

Definition

Let L be a logic and = a weak p-implication. We say that = is a weak
semilinear p-implication if - = =yope (1)-
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e Raftery’s order algebraizable logics
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Semi-equivalence sets

Let p(x,y) be a set of binary formulae. Assume that:

(R) FL o, )
(Subst)  p(p, ), p(¥, ), v(p, @) bL v (¥, @)

Then p(x,y) U p(y, x) is an equivalence set.
p(x,y) is called a semi-equivalence set.

Implications are semi-equivalencies with modus ponens.
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Order algebraizability

A logic L is order algebraizable iff there is a set of binary formulae
p(x,y) and a set £(p) of pairs of formulae in the variable p such that:

(R) FL (e, )

(T) ( ®, )7 ( )"LP(% ) _
(Subst)  p(p, ¥), p(v, ), (i, @) FL (¥, @)
(A1) p 1 Uy 265 0)
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Order algebraizability

Partially ordered algebra: (A, <).

A logic L is order algebraizable if it is equivalent to an inequational
consequence h,% for some class of partially ordered algebras K, i.e.
there exist translations 7 : Fm,; — Ineq, and p : Ineq, — Fm, such
that:

o I'Hy piff 7[T] g 7(¢)
° ax k5 Tlp(a < B) and T[p(a < B)] i a < B.

{algebraizable logics} C {order algebraizable logics} C {equivalential
logics}
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p(x,y) defines a partial order in every (A, F) € MOD*(L):

a <p biff pA(a,b) C F.

The p-ordered model class is:

K = {{A, <r) | (A, F) € MOD*(L)}.

Petr Cintula and Carles Noguera Implicational vs. order algebraizable logics September 10, 2010



e The synthesis: an enriched hierarchy
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Weak order algebraizability

A logic L is weakly order algebraizable iff there is a parameterized set

of formulae p(x,y, 7’) and a set £(p) of pairs of formulae in the variable
p such that:

(R) FL p(e, @, @)

(T) Uz p(e 9, @), Uz p(t,x, @) FLple, x, @)
(Subst) Uz ple, ¥, @), Uz p(t, 0, @), 7, B) FLA (W, B)
(Alg)"  p AL Uppyeerm ip(e: ¥, a)|d e Fm%w

p(x,y,Z) Up(y,x, 7) is a parameterized equivalence set.

p(x,y, 7') is called a parameterized semi-equivalence set.
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p(x,y, 7') defines a partial order in every (A, F) € MOD*(L):

a < biff pA(a,b, T) C F for every ¢ € AS«.

The p-ordered model class is:

K = {{A, <r) | (A, F) € MOD*(L)}.
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The enriched hierarchy

Rasiowa-implicative

/

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
unitary order finitely regularly Rasiowa-p-implicational
algebraizable algebraizable algebraizable
Wleak;}/ finitely order algebraizable regularly weakly _ regularly
implicative algebraizable / \ /algebra|zable p-implicational
finitely = finitely order algebraizable  weakly algebraizable = 2/9ebraically
weakly implicational ~ equivalential / \ / p-implicational
weakly implicational = equlvalentlal weakly order algebraizable

N

weakly p-implicational = protoalgebraic
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Separating examples

@ BCl is unitary order algebraizable (p(x,y) = {x — y},
7(p) = {{p — p,p)}) but it is not weakly algebraizable.
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The enriched hierarchy

Rasiowa-implicative

/

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
unitary order finitely regularly Rasiowa-p-implicational
algebraizable algebraizable algebraizable
Wleak;}/ finitely order algebraizable regularly weakly _ regularly
implicative algebraizable / \ /algebra|zable p-implicational
finitely = finitely order algebraizable  weakly algebraizable = 2/9ebraically
weakly implicational ~ equivalential / \ / p-implicational
weakly implicational = equlvalentlal weakly order algebraizable

N

weakly p-implicational = protoalgebraic
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IfL is weakly order algebraizable with p, then for every algebra A:
F— p~'[F] = {{a,b) € A% | p*a,b, ) C F forevery ¢ € A<} is
injective on Fi (A).
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Separating examples

Let E be the Entailment logic of Anderson and Belnap.

@ E_,E__ and E, _ are weakly implicative but not weakly order
algebraizable.
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The enriched hierarchy

Rasiowa-implicative

/

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
unitary order finitely regularly Rasiowa-p-implicational
algebraizable algebraizable algebraizable
Wleak;}/ finitely order algebraizable regularly weakly _ regularly
implicative algebraizable / \ /algebra|zable p-implicational
finitely = finitely order algebraizable  weakly algebraizable = 2/9ebraically
weakly implicational ~ equivalential / \ / p-implicational
weakly implicational = equlvalentlal weakly order algebraizable

N

weakly p-implicational = protoalgebraic
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Conclusion

@ Leibniz hierarchy: generalized equivalences and algebraization.

@ Hierarchy of implicational logics: generalized implications and
algebraization.

@ Order algebraizable logics: algebraization with inequations.

@ The enriched hierarchy of implicational logics: generalized
implications and algebraization with equations or inequations.
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Thank you for your attention!
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Basic notions

A propositional logic is a pair L = (£, ) where L is a propositional
language and + is a structural consequence relation.

An L-matrix is a pair A = (A, F) where A is an L-algebra and F is a
subset of A called the filter of A.

The semantical consequence with respect to a class of matrices K is
defined as I" =k ¢ iff for each A € K and each A-evaluation e we
obtain e(y) € F whenever ¢[I'] C F.

(L, =x) is a logic.

Petr Cintula and Carles Noguera Implicational vs. order algebraizable logics September 10, 2010 37/39



Aisamodel of Lif ki, C |=a.

MOD(L): the class of all models of L.

Th(L) is the set of all theories of L (sets closed under ).

) can be seen as an operator on Th(L) or, in general, on Fip(A).
A = (A, F) is areduced model if Q4(F) = Id 4.

MOD*(L): the class of reduced models of L.
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Example of an infinite equivalence set

The local consequence defined by Kripke frames, the logic K, is a (non
finitely) equivalential logic with:

peq={p<q0@p<q),00p«<q),...}
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