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T : M — M state operator: 7(1) =1,
T(¢*) = 7(z)",

Te@y)=71() @7y S (0OyY)),
T(7(z) ® 7(y)) = 7(z) & 7(y).

subdirectly irreducible (M, 7) M is not
necessarily linearly ordered,

7(M) is linearly ordered
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Examples

A =|0,1] MV-algebra, M = A x A
ni(z,y) = (2, 2)

To(%,y) = (Y, y)

(M, 1;), = 1,2, isomorphic subdirectly
Irreducible state-morphism MV-algebras, M
not linear

Question: Does ([0, 1], 7) generate the
variety of all state-morphism MV-algebras ?
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s(a+b) =s(a) + s(b) and s(1) =1

S(M), extremal state s = As; + (1 — \)so,
A€ (0,1) then s = 51 = s9

0.S (M), Krein-Mil’'man:
S(E)= (ConHul(0.S(F)))~

0,1]® M sstateon M . = |



os: [0,1]® M — [0,1] ® M by
ogs(a®a)=as(a)®1,ae[0,1] and a € M.
According to o, is a state operator on

0,1] ® M. We recall that



os: [0,1]® M — [0,1] ® M by
ogs(a®a)=as(a)®1,ae[0,1] and a € M.
According to o, is a state operator on
0,1] ® M. We recall that

o, IS an extremal state-morphism iff s Is an
extremal state



os: [0,1]® M — [0,1] ® M by
ogs(a®a)=as(a)®1,ae[0,1] and a € M.
According to o, IS a state operator on

0,1] ® M. We recall that

05(]0,1] ® M) = [0, 1].

o, IS an extremal state-morphism iff s Is an
extremal state

otherwise, it Is only a state operator
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Characterization of S.1I.

Theorem 0.3 Let (M, o) be a subdirectly
Irreducible state-morphism MV-algebra. Then
(M, o) is one of the following three
possibilities.

(i) M is linear, o = idy;, and the MV-reduct M is
a subdirectly irreducible MV-algebra.

(i) The state-morphism operator ¢ is not faithful,
M has no nontrivial Boolean elements, and
the MV-reduct M of (M, o) is a local
MV-algebra.
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(i) The state-morphism operator ¢ Is not faithful,
M has a nontrivial Boolean element. There
are a linearly ordered MV-algebra A, a
subdirectly irreducible MV-algebra B, and an
Injective MV-homomorphism i : A — B such
that (M, o) is isomorphic as a state-morphism
MV-algebra with the state-morphism
MV-algebra (A x B, 0;), where
on(z,y) = (z,h(x)) forany (z,y) € A x B.

description of subdirectly |rreduc;|ble state
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State-morphism BL-algebras

T : M — M idempotent endomorphism, M
BL-algebra

Every state operator on a linearly ordered
BL-algebra is a state-morphism

Characterization of S.I. state-morphism
BL-algebras is the same as that for
state-morphism MV-algebras
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(i) Lukasiewicz: £(x,y) = max{z +y — 1,0}
withz —, y =min{z +y— 1,1}, o(z) =z

(i) Godel: G(x,y) = min{x,y} and
r—qy=1Ifz <yotherwise r —¢ y =y,
o.(z) :=xif x <aando,(z) =1 otherwise
and for a € (0, 1] let 0%(xz) = x if z < a and
c%(x) =1

(i) product: P(z,y) =xyandx —p y =11f
r<yandz —py=y/x

o(x)=x,2 € |0,1], 0r o(x) =1 for any z > 0.
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pi(r) = qi(x) }i=1,..n variety W
{r(pi(z)) = 7(q:(2)) }i=1,..n

{pi(7(z)) = ¢;(7(x)) }iz1..n (T(A) € W)
{r(pi(2)) = qi((2)) }i=1,..m

{pi(r(2)) = 7(¢i(%)) }i=1,.n



Varieties of MV-algebras with Interna

four subvarieties of SMY "W, W7, - W and
W,
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axiomatization of W = V(S5y,...,5,),
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Let (A, 7) be a subdirectly irreducible
SMV-algebra in the variety V(Sy,...,S,)".
Then (A, 7) is one of the following three
possibilitieS'

1) A=S5,,1<r <nand 7 is the identity

(2) the MV-reduct A of (A, 7) is a subdirectly
Irreducible MV-algebraof rank r, 1 <r < n
and 7(x) = 0, for each z € Rad(A).



(3) There is a subdirectly irreducible MV-algebra
D such that (A, 7) is isomorphic, as a
state-morphism MV-algebra, to the
state-morphism MV-algebra (S, x D, 73,), with

Th(,y) = (2, h(z)), (1)

where h Is an injective MV-homomorphism
from S, to D.
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Stone Duality for Boolean Algebras

SB - category; objects are Boolean state
MV-algebras (B, 7) and a morphism is a
T-homomorphisms from (B, 7) to (B, '), that
IS, an MV-homomorphism h from B to B’ such
that

hort=7"0h.

category BSG of Boolean state spaces,
whose objects are the pairs (€2, g), where Q2 is
a Boolean space (= Stone space) and

g : ) — Q) Is a continuous map with the

property go g = g.



The function
p: (B, 7)€ SB— (Q(B),g) € BSG,

with g(F) = 7 1(F) for every F € Q(B), is a
contravariant functor from SB to BSG.



The function
p: (B, 7)€ SB— (Q(B),g) € BSG,

with g(F) = 7 1(F) for every F € Q(B), is a
contravariant functor from SB to BSG.

The function
v (Q,9) € BSG — (B(Q),s,) € SB,

with s,(A) = g *(A) for every A € B(Q), is a
contravariant functor from
BSG to SB.



Theorem: The categories SB and BSG are
dual.
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() IS basically disconnected provided the closure
of every open F, subset of (2 Is open (an
F,-set Is a countable union of closed sets)
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Stone Duality and Bauer Simplices

() IS basically disconnected provided the closure
of every open F, subset of (2 Is open (an
F,-set Is a countable union of closed sets)

DS MYV - category of divisible o-complete
state-morphism MV-algebras. Objects-
o-complete state-morphism MV-algebras
(A, 7), where A is a o-complete MV-algebra
and 7 Is a o-complete endomorphism s.t.

7 o1 = 7. Morphisms from (A, 7) into (A’, 7/)
IS any o-complete MV-homomorphism
h:A— A'suchthathor =17"0h.



BSBS - category of Bauer simplices whose
objects are pairs (2, g), where Q2 #£ () is a
Bauer simplex such that 0.€2 Is basically
disconnected, and g : €2 — Q) Is an affine
continuous function such that g o g = g,

g : 0.2 — 0.02. Morphisms from (€2, g) into
(', ¢’) are continuous affine functions
p:Q— Q' suchthatp: 9.0 — 9.0 and

pog=4g op.
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BSBS - category of Bauer simplices whose
objects are pairs (2, g), where Q2 #£ () is a
Bauer simplex such that 0.€2 Is basically
disconnected, and g : €2 — Q) Is an affine
continuous function such that g o g = g,

g : 0.2 — 0.02. Morphisms from (€2, g) into
(', ¢’) are continuous affine functions
p:Q— Q' suchthatp: 9.0 — 9.0 and

pog=4g op.
The categories BSBS and DS MYV are dual.
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(i)if f €T, thenl— feT,

(iii) if f,g € T, then f & g € T, where
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Loomis—Sikorski Theorem

Tribe: T C[0,1]%: ()1 € T,

(iif feT,thenl—feT,

(inif f,g € T,then f &g € T, where

(f @ g)(w) = min{f(w) + g(w), 1}, w € Q.

(iv) if { f,} is a sequence of elements from T,
then @, f, € T, where

(D, fo)w) :=min{}, fulw), 1}, w e &,

Loomis-Sikorski Theorem: Mundici, AD



A o-complete MV-algebra, 2 := 0.5(A).
a€ A:a:0.S8(A) a(s) = s(a)
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A o-complete MV-algebra, 2 := 0.5(A).
a€ A:a:0.S8(A) a(s) = s(a)

g:0.8(A) = 0.5(A) g(s) :==so7s€dS(A)
is continuous and ¢* = ¢
T -tribe generated by A := {¢: a € A},

Then 7, : T — 7T defined by 7,(f) := f o g,
f € T is state-morphism on 7.



Theorem 0.4 (Loomis—Sikorski Theorem)

Let (A, 7) be a o-complete state-morphism
MV-algebra. Then there is a o-complete
state-morphism MV-algebra (7, 7,), where T

is a tribe of functions from [0, 1]?, a function
g:Q — Qsuchthatgog=gand fog € T for
any f € T,suchthat7,(f) = fog, feT,is
a o-complete state-morphism-operator on 7.
Moreover, there Is a o-state-morphism
MV-homomorphism A from 7 onto A such
that ho 7, =710 h. -
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Theorem 0.5 Let (A, 1) be a o-complete
state-morphism MV-algebra. Then there is a
non-empty basically disconnected compact
Hausdorff topological space €2 with a tribe T

of functions from [0, 1]** and with a continuous
function g : 2 — Q such that g o g = ¢, and
fogeT forany f € T such 7,(f) := fouy,
f e T,isaoc-complete
state-morphism-operator on 7. Moreover,
there Is a c-homomorphism A from 7 onto A
such that h o7, = 7 o h.
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