
Leibniz Interpolation Properties

José Gil-Férez

joint work with

Leonardo Manuel Cabrer

Japan Advanced Institute of Science and Technology

LATD2010, September 2010

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 1 / 27



Outline

I Introduction
I Definitions and characterizations of Leiniz Interpolation Properties
I Connection with other interpolation properties
I Final remarks

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 2 / 27



Introduction

[H. Kihara and H. Ono, Interpolation Properties, Beth Definability
Properties and Amalgamation Properties for Substructural Logics,
Journal of Logic and Computation, DOI: 10.1093/logcom/exn084]

Definition (Kihara-Ono Interpolation Property)
For every pair of formulas ϕ,ψ,

` (ϕ\ψ) ∧ (ψ\ϕ) ⇒ ∃ δ s.t.

 ` (ϕ\δ) ∧ (δ\ϕ)
` (δ\ψ) ∧ (ψ\δ)
var(δ) ⊆ var(ϕ) ∩ var(ψ)
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Definition (Strong Generalized Amalgamation Property)
For every f and g,

there exist s and t, such that:
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I ∀a ∈ A, ∃b ∈ B′, c ∈ C′,

f(a) = pB(b),

g(a) = pC(c),

s(b) = t(c);

I ∀b ∈ B′, c ∈ C′, s(b) = t(c)

⇒ ∃a ∈ A, f(a) = pB(b),

g(a) = pC(c).
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Proposition (Kihara-Ono)
A substructural logic has the K-O Interpolation Property if and only if its
algebraic semantics has the Strong GAP.
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Some notions of Abstract Algebraic Logic

Given a propositional logic S,

I A model of S is a matrix 〈A, F 〉 s.t., ∀f : Fm→ A, f−1F ∈ Th(S);

I A matrix morphism f : 〈A, F 〉 → 〈B, G〉 is a homomorph. s.t. F ⊆ f−1G;

I ModS is the category of models of S;

I The Leibniz congruence of a matrix 〈A, F 〉 is the greatest congruence of
A compatible with F ; it is denoted by ΩAF or Ω〈A, F 〉;

I A matrix 〈A, F 〉 is reduced if its Leibniz congruence is the identity;

I Mod∗S is the full subcategory of ModS of the reduced models of S;

I A set of equivalence formulas for S is a set of formulas in two variables
∆(x, y) that defines the Leibniz congruence of the models of S;

I S is equivalential if there exists a set of equivalence formulas for S.
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Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ϕ,ψ,

` (ϕ\ψ) ∧ (ψ\ϕ) ⇒ ∃ δ s.t.

 ` (ϕ\δ) ∧ (δ\ϕ)
` (δ\ψ) ∧ (ψ\δ)
var(δ) ⊆ var(ϕ) ∩ var(ψ)

Remark
I Substructural logics are algebraizable, in particular equivalential.

I The set ∇(x, y) = {(x\y) ∧ (y\x)} is a set of equivalence formulas for
every substructural logic.

I Therefore, ∇(x, y) defines the Leibniz congruence of the models, i.e., for
every theory Γ:

〈ϕ,ψ〉 ∈ Ω(Γ) ⇔ Γ ` ∇(ϕ,ψ).
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LIP and its characterization
Leibniz Interpolation Property

For every pair of formulas ϕ,ψ, and every set of formulas Γ

〈ϕ,ψ〉 ∈ Ω(CSΓ) ⇒ ∃ δ s.t.

 〈ϕ, δ〉 ∈ Ω(CSΓ)
〈δ, ψ〉 ∈ Ω(CSΓ)
var(δ) ⊆ var(Γ, ϕ) ∩ var(Γ, ψ)
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Asymmetric Leibniz Interpolation Property
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Asymmetric Leibniz Interpolation Property
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Robinson-Leibniz Interpolation Property
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Maehara-Leibniz Interpolation Property
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CS(Γ ∪ Σ)

)
⇒ ∃ δ s.t.

 〈ϕ, δ〉 ∈ Ω(CSΓ)
〈δ, ψ〉 ∈ Ω(CSΣ)
var(δ) ⊆ var(Γ, ϕ) ∩ var(Σ, ψ)

Completing pullbacks for strict morphisms

〈B, FB〉

((PPPPPPPPPPPP

〈A, FA〉
66

f
66mmmmmmmmmmm

((

g
((QQQQQQQQQQQ

�
? 〈E, FE〉

〈C, FC〉

66nnnnnnnnnnnn
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Theorem (Characterization of ‘being equivalential’)
I A sentential logic S is equivalential if and only if for every M ∈ModS, the

cannonical projection πM : M �M∗ is a Mod∗S-reflection.

I In that case, Mod∗S is a full reflective subctegory of ModS,
I the reduction functor (_)∗ : ModS →Mod∗S is well defined and is a

reflector.

Corollary

Let S be an equivalential logic, X,Y sets, and W = X ∩ Y and Z = X ∪ Y . If
TW , TX , TY are theories, then the following diagram is a pushout in Mod∗S:

〈Fm(X), TX〉∗
i′

**TTTTTTT

〈Fm(W ), TW 〉∗
i 44iiiiiii

j **UUUUUUU
〈Fm(Z), TZ〉∗�?

〈Fm(Y ), TY 〉∗
j′

44jjjjjjj

TW ⊆ TX ∩ TY
TZ = CZ(TX ∪ TY )
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Lemma

Let S be an equivalential logic, X,Y sets, W = X ∩ Y and X ∪ Y ⊆ Z. If S
has the ALIP, then the following diagram is a pullback in Mod∗S:

〈Fm(X),ΘX〉∗

**UUUUUUU

〈Fm(W ),ΘW 〉∗
44iiiiiii

**UUUUUUU �
? 〈Fm(Z),ΘZ〉∗

〈Fm(Y ),ΘY 〉∗
44iiiiiii

ΘX = CXΓ

ΘW = ΘX ∩ Fm(W )

ΘY = CY ΘW

ΘZ = CZΓ

where Γ ⊆ X is arbitrary.
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Proof of the characterization of ALIP

(⇒)

Take Γ = st−1
A FA, ΘB = CBΓ, ΘA = ΘB ∩ Fm(A), ΘC = CCΘA, CE = ΘEΓ.

〈B, FB〉

〈A, FA〉
77

f 77ppppp

� t

g ''N
NNN

〈C, FC〉
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Proof of the characterization of ALIP
(⇐)

Given Γ, Σ, ϕ, ψ satisfying the hypothesis of ALIP, and 〈ϕ,ψ〉 ∈ Ω(CSΓ)

Take: X = var(Γ, ϕ), Y = var(Σ, ψ), W = X ∩ Y , Z = X ∪ Y .

Take: ΘX = CXΓ, ΘW = ΘX ∩ Fm(W ), ΘY = CY ΘW . Then,

〈Fm(X),ΘX〉∗

〈Fm(W ),ΘW 〉∗
44

i 44iiiiiii

**

j **UUUUUUU

〈Fm(Y ),ΘY 〉∗

〈Fm(X),ΘX〉∗ h

))

))
i′

))SSSSSSSSS

〈Fm(W ),ΘW 〉∗
55

i
55jjjjjjjjjj

))

j ))TTTTTTTTTT
〈Fm(Z),ΘZ〉∗

l //_______�? 〈E, FE〉

〈Fm(Y ),ΘY 〉∗
j′

55kkkkkkkkk

η
// 〈C, FC〉

k

88qqqqqqq
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A slight modifiation: LIP’

Leibniz Interpolation Property’
For every pair of formulas ϕ,ψ, and every set of formulas Γ,

if var(Σ, ϕ) ∩ var(Γ, ψ) 6= ∅ or the language of S has a constant, then

〈ϕ,ψ〉 ∈ Ω(CSΓ) ⇒ ∃ δ s.t.

 〈ϕ, δ〉 ∈ Ω(CSΓ)
〈δ, ψ〉 ∈ Ω(CSΓ)
var(δ) ⊆ var(Γ, ϕ) ∩ var(Γ, ψ)

Theorem
Every equivalential logic satisfies LIP’.
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Regularity

Definition
A sentential logic S is regular if every reduced model 〈A, F 〉 of S is such that
F = {a} for some a ∈ A.

A sentential logic S has a generalized conjunction if there exists a set of
formulas in two variables Λ(x, y) such that

(i) x, y `S Λ(x, y),
(ii) Λ(x, y) `S x, y.

Definition
We say that S is (>,Λ)-regular if > is a constant of the language of S, Λ is a
generalized conjunction for S and

(i) `S >,
(ii) for every Γ ∪ {ϕ} ⊆ Fm(X), if Γ `S ϕ then Λ(ϕ,>) ⊆ [>]Ω(CSΓ).
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formulas in two variables Λ(x, y) such that

(i) x, y `S Λ(x, y),
(ii) Λ(x, y) `S x, y.

Definition
We say that S is (>,Λ)-regular if > is a constant of the language of S, Λ is a
generalized conjunction for S and

(i) `S >,
(ii) for every Γ ∪ {ϕ} ⊆ Fm(X), if Γ `S ϕ then Λ(ϕ,>) ⊆ [>]Ω(CSΓ).
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If S is equivalential and regular or (>,Λ)-regular:

Maehara-Leibniz
Interpolation

Property
⇒

Robinson-Leibniz
Interpolation

Property
⇒

Asymmetric Leibniz
Interpolation

Property

⇓ ⇓ ⇓

Maehara
Interpolation

Property
⇒

Robinson
Interpolation

Property
⇒

Deductive
Interpolation

Property
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Maehara-Leibniz IP

Maehara IP
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Maehara-Leibniz IP

〈B, FB〉

〈A, FA〉
::

f
::uuuuuuu

g $$I
III

III

〈C, FC〉

Maehara IP
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Robinson-Leibniz IP

Robinson IP
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Asymmetric Leibniz IP

Deductive IP
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Characterization of DIP

Theorem
For any equivalential logic S the following conditions are equivalent:

(i) S has the Deductive Interpolation Property;

(ii) Every pair of strict morphisms f : 〈A, FA〉� 〈B, FB〉 and
g : 〈A, FA〉� 〈C, FC〉 in Mod∗S can be completed to a diagram:
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Conclusions and Future Work

I Introduce Leibniz Interpolation Properties
I Prove characterizations [in the case S equivalential] via categorical

properties of Mod∗S
I Prove S equivalential if and only if πM : M →M∗ is a Mod∗S-reflection
I Prove relations [in the case S equivalential + regular or (>,Λ)-regular]

between the Leibniz Interpolation Properties and the some well-known
Interpolation Properties

I Prove a new characterization for Deductive Interpolation Property
I Ł∞ separates ALIP from Robinson-Leibniz IP

I Beth Definability Properties?
I Craig Interpolation Properties?
I Preservation of Intersections by Functors?
I Examples?
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Thank you for your attention!
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Ł∞ satisfies ALIP

We use:
I Γ `Ł∞

χ then ∃α1, . . . , αn ∈ Γ s.t. α1 ∧ · · · ∧ αn `Ł∞
χ;

I correspondence between formulas and MacNaughton functions, ϕ 7→ ϕ̂;
I the one-set of every formula α, is a rational polyhedron, 1α;
I if P ⊆ [0, 1]n is a rational polyhedron, there exists a MacNaughton

function f ∈M([0, 1]n) such that 1f = P ;
I α `Ł∞

ϕ↔ ψ ⇔ ϕ̂ �1α= ψ̂ �1α ;
I if π : [0, 1]n → π[0, 1]m is a projection, then π and π−1 map rational

polyhedra to rational polyhedra.
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Ł∞ satisfies ALIP

Proof:
I Suppose that Γ and Σ are set of formulas, Γ `Ł∞

ϕ↔ ψ, and if we set
X = var(Γ, ϕ), Y = var(Σ, ψ), W = X ∩ Y , then Γ and Σ prove the same
formulas in W .

I Then, there exist α1, . . . αn ∈ Γ such that α = α1 ∧ · · · ∧ αn `Ł∞
ϕ↔ ψ.

I Then ϕ̂ �1α= ψ̂ �1α .
I Let P = πW (1α) and β ∈ Fm(W ) such that 1β = P .
I Then, α `Ł∞

β, and hence Γ `Ł∞
β. Thus, Σ `Ł∞

β.

I Let δ(~w) = ψ(~w,~0Y6X).

Then we prove:

(1) α `Ł∞
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