Leibniz Interpolation Properties

José Gil-Férez
joint work with

Leonardo Manuel Cabrer

Japan Advanced Institute of Science and Technology

LATD2010, September 2010

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010

1/27



Outline

Introduction

Definitions and characterizations of Leiniz Interpolation Properties
Connection with other interpolation properties

Final remarks

vV v.v Y

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 2/27



Introduction

[H. Kihara and H. Ono, Interpolation Properties, Beth Definability
Properties and Amalgamation Properties for Substructural Logics,
Journal of Logic and Computation, DOI: 10.1093/1ogcom/exn084]

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 3/27



Introduction

[H. Kihara and H. Ono, Interpolation Properties, Beth Definability
Properties and Amalgamation Properties for Substructural Logics,
Journal of Logic and Computation, DOI: 10.1093/1ogcom/exn084]

Definition (Kihara-Ono Interpolation Property)
For every pair of formulas ¢, 1,
= (p\0) A (0\e)

)A
F(e\Y) A (P\p) = Tdsit. { E(6\9) A (\9)
var(d) C var(p) N var(e))
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Definition (Strong Generalized Amalgamation Property)
For every f and g,
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Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:

B B’
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C C’

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 4/27



Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:
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Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:

» Vac A, Ibe B',ce

PB p
B&——B f(a) = p&(b),
f s _
/ \ g(a) - pC(C)7
A - s(b) = t(c);
Cé—— C
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Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:

» Vac A, Ibe B',ce

pB ,
B«——B f(a) = pp(b),
f s =
/ \ g(a) = pc(c),
K - 5(b) = t(c);
\ / > Ve B ce, s(b) = t(c)
g t
c«— ¢ = Ja € A, f(a) =ps(b),
g(a) = pc(c).
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Definition (Strong Generalized Amalgamation Property)

For every f and g, there exist s and ¢, such that:
» Vac A, Ibe B',ce

PB ;
B&«— B f(a) =ps(b),

! s =

/ \ g(a) = pc(c),

K - s(b) = t(c);

\ / > Vbe B',ce ', s(b) =t(c)

g t

= Ja € A, f(a) = ps(b),

C&—————C

" 9(a) = po(©).

Proposition (Kihara-Ono)
A substructural logic has the K-O Interpolation Property if and only if its
algebraic semantics has the Strong GAP.
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Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:

» Vac A, Ibe B',ce

PB p
L f(a) = ps(b),
/ o \ o(@) = pe(@),
A«__@___A/ N B s(b) = t(c);
x ° \ / > Vb€ Bcel, s(b) = t(c)
C(TC’ =3da € A, f(a) =ps(b),
g(a) = pc(c).
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Definition (Strong Generalized Amalgamation Property)
For every f and g, there exist s and ¢, such that:

B¢—— B Feeling a GAP

>
X o N\, A filling a gap!

Proposition (Kihara-Ono)

A substructural logic has the K-O Interpolation Property if and only if its
algebraic semantics has the Strong GAP.
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Some notions of Abstract Algebraic Logic

Given a propositional logic S,
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Some notions of Abstract Algebraic Logic

Given a propositional logic S,

» A model of S is a matrix (A, F) s.t., Vf : Fm — A, f~'F € Th(S);
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Some notions of Abstract Algebraic Logic
Given a propositional logic S,

» A model of S is a matrix (A, F) s.t., Vf : Fm — A, f~'F € Th(S);
» A matrix morphism f : (A, F) — (B, G) is a homomorph. s.t. F C f~1G;
» Mod S is the category of models of S;

» The Leibniz congruence of a matrix (A, F) is the greatest congruence of
A compatible with F; it is denoted by 24 F or 2(A, F);
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» A model of S is a matrix (A, F) s.t., Vf : Fm — A, f~'F € Th(S);
» A matrix morphism f : (A, F) — (B, G) is a homomorph. s.t. F C f~'G;

v

Mod S is the category of models of S;

v

The Leibniz congruence of a matrix (A, F') is the greatest congruence of
A compatible with F; it is denoted by 24 F or 2(A, F);
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A matrix (A, F) is reduced if its Leibniz congruence is the identity;

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 5/27



Some notions of Abstract Algebraic Logic

Given a propositional logic S,

» A model of S is a matrix (A, F) s.t., Vf : Fm — A, f~'F € Th(S);
» A matrix morphism f : (A, F) — (B,G) is a homomorph. st. F C f~'G;

v

Mod S is the category of models of S;

v
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Mod*S is the full subcategory of Mod S of the reduced models of S;
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Some notions of Abstract Algebraic Logic

Given a propositional logic S,

» A model of S is a matrix (A, F) s.t., Vf : Fm — A, f~'F € Th(S);
» A matrix morphism f : (A, F) — (B,G) is a homomorph. st. F C f~'G;

v

Mod S is the category of models of S;

v

The Leibniz congruence of a matrix (A, F') is the greatest congruence of
A compatible with F; it is denoted by 24 F or 2(A, F);

v

A matrix (A, F) is reduced if its Leibniz congruence is the identity;

v

Mod*S is the full subcategory of Mod S of the reduced models of S;

v

A set of equivalence formulas for S is a set of formulas in two variables
A(z,y) that defines the Leibniz congruence of the models of S;

v

S is equivalential if there exists a set of equivalence formulas for S.
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Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ¢, 1,
E (0\0) A (6\p)

YA
F(e\Y) A (P\p) = Tisit. { E(0\¢) A (¥\9)
var(d) C var(p) N var(e)
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Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ¢, ¢,

F (©\d) A (6\p)
F(p\¥) A(P\p) = 3Fdsit. { F(5\w)CA (\9)

var(8) C var(p) N var(y)

Remark

» Substructural logics are algebraizable, in particular equivalential.

Leonardo Manuel Cabrer & José Gil-Férez (JAIST)

Leibniz Interpolation Properties LATD2010, September 2010 6/27



Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ¢, ¢,

F (©\d) A (6\p)
F(p\¥) A(P\p) = 3Fdsit. { F(5\1/))CA(¢\5)

var(8) C var(p) N var(y)

Remark

» Substructural logics are algebraizable, in particular equivalential.

> The set V(z,y) = {(z\y) A (y\z)} is a set of equivalence formulas for
every substructural logic.
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Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ¢, ¢,
¢, 0)

FV(
FV(p,) = 3dsit. { =V (6,)
var(d) C var(p) N var(t))

Remark

» Substructural logics are algebraizable, in particular equivalential.

> The set V(z,y) = {(z\y) A (y\z)} is a set of equivalence formulas for
every substructural logic.
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Looking for a generalization

Ono-Kihara Interpolation Property

For every pair of formulas ¢, ¢,

= V(g,d)

=V (6, v)
€

FV(p,v) = 3Fést {
var(d) C var(p) N var(t))

Remark
» Substructural logics are algebraizable, in particular equivalential.

> The set V(z,y) = {(z\y) A (y\z)} is a set of equivalence formulas for
every substructural logic.

» Therefore, V(z,y) defines the Leibniz congruence of the models, i.e., for
every theory T':

(p,) € 2(T) & TFV(p).
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Looking for a generalization

Ono-Kihara Interpolation Property
For every pair of formulas ¢, 1,
<§07 > € ‘Q(Tth)

(p, ) € 2(Thms) = 3Fos.t { (6,0) € 2(Thmyg)
var(0) C var(p) Nvar(y)

Remark
» Substructural logics are algebraizable, in particular equivalential.

> The set V(z,y) = {(z\y) A (y\z)} is a set of equivalence formulas for
every substructural logic.

» Therefore, V(z,y) defines the Leibniz congruence of the models, i.e., for
every theory T':

(p,) € 2(T) & TFV(p).
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LIP and its characterization
Leibniz Interpolation Property

For every pair of formulas ¢, 1, and every set of formulas T’

{ <(p76> € ‘Q(CSF)
(p, ) € 2(CsT) = Fisit. (6,1) € 2(CsT)
var(0) C var(T, p) Nvar(T, )
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LIP and its characterization
Leibniz Interpolation Property

For every pair of formulas ¢, 1, and every set of formulas T’

{ <()076> € Q(CSF)
(p, ) € R(CsT) = 3Fost § (6,9) € 2(CsT)
var(d) C var(T', ) N var(T, ¢)

Characterization of LIP
An equivalential logic S satisfies LIP if and only if
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Leibniz Interpolation Property
For every pair of formulas ¢, 1), and every set of formulas T’

(p,0) € £2(CsT)

(p, ) € 2(CsT) = Fisit. { (6,1) € 2(CsT)
var(d) C var(L', ¢)

Nvar(T, 1)

Characterization of LIP

(B, F) ¢—=— (B/, Fp/)
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Leibniz Interpolation Property
For every pair of formulas ¢, 1), and every set of formulas T’

(p,0) € £2(CsT)

(p, ) € 2(CsT) = Fisit. { (6,1) € 2(CsT)
var(d) C var(L', ¢)

Nvar(T, 1)

Characterization of LIP

(B, F) ¢—=— (B/, Fp/)

<CaFC> «p—c <CI»FC

D
S

Fg)

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties

LATD2010, September 2010

8/27



Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1), and every set of formulas T’

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsT)
var(0) C var(T, p) Nvar(T, )

Characterization of LIP

(B, F) ¢—=— (B/, Fp/)

Fg)

e
~ T /

<CaFC> «p—c <CI»FC
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsT)
var(0) C var(T, p) Nvar(T, )

Characterization of LIP
(B, F) ¢—=— (B/, Fp/)
// \
/<E7 FE>
)

TN

<CaFC> «p—c <CI»FC
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'Fo <« Xk o, forevery o with var(o) C var(I', ¢) N var(X, ),

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsT)
var(0) C var(T, p) Nvar(T, )

Characterization of LIP
(B, F) ¢—=— (B/, Fp/)
// \
/<E7 FE>
)

TN

(C, Fo) «—2=—(C', F,
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'Fo & XFo, forevery o with var(o) C var(T', p) N var(X, 1),

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsX)
var(0) C var(T, p) Nvar(2, )

Characterization of LIP

(B, F) «—=— (B/, Fg/)
e \
(A, Fa >
R\ /

(C, Fo) «—— (C', For)

Fp)
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'Fo & XFo, forevery o with var(o) C var(T', p) N var(X, 1),

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsX)
var(0) C var(T, p) Nvar(2, )

d-pullbacks for strict morphisms

(B, Fg) «—2— (B/, Fg/)

<CaFC>(% <C/»FC’>
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'Fo & XFo, forevery o with var(o) C var(T', p) N var(X, 1),

(p,0) € £2(CsT)

(p,¥) € R(CsT) = 3Fos.t. { (8,9) € 2(CsX)
var(0) C var(T, p) Nvar(2, )

d-pullbacks for strict morphisms
/ (B, Fg) \
(A, Fy > (E, Fg)
&\ /

(C,Fe) «—25—(C', For)
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Asymmetric Leibniz Interpolation Property
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'kFo << XFo, forevery o with var(o) C var(T, ¢) N var(X, 1),

{ (p,0) € £2(CsT)
(p,9) € 2(CsT) = 3Jést { (6,0) € N(CsY)
var(0) C var(T, p) N var(X2, )

d-pullbacks for strict morphisms

<B7 FB>
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Asymmetric Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.
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{ (p,0) € £2(CsT)
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d-pullbacks for strict morphisms

<B7 FB>
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Robinson-Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.

I'kFo <« XFo, forevery o with var(o) C var(T, ) N var(X, 1),

{ (p,0) € £2(CsT)
(p,9) € R2(CsT) = 3Jést { (6,0) € N(CsY)
var(0) C var(T, p) Nvar(X2, )

d-pullbacks for strict morphisms

<B7 FB>
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Robinson-Leibniz Interpolation Property
For every pair of formulas ¢, 1, and every pair of sets of formulas I', ¥ s.t.
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Theorem (Characterization of ‘being equivalential’)

» A sentential logic S is equivalential if and only if for every M € Mod S, the
cannonical projection wy; : M — M* is a Mod™S-reflection.
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Theorem (Characterization of ‘being equivalential’)

» A sentential logic S is equivalential if and only if for every M € Mod S, the
cannonical projection y; : M — M* is a Mod™ S -reflection.
» In that case, Mod*S is a full reflective subctegory of Mod S,

» the reduction functor (_)* : Mod S — Mod"S is well defined and is a
reflector.

Corollary

Let S be an equivalential logic, X,Y sets,andW =X nNY andZ =X UY. If
Tw, T, Ty are theories, then the following diagram is a pushout in Mod*S:

| OB
(Fm(W), Tyw)* <\<Fm(Z),TZ>* Tw CTx NTy

— P Tz =Cz(Tx UTy)

(Fm(Y), Ty)"
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Lemma

Let S be an equivalential logic, X,Y sets, W =X NY and XUY C Z. IfS
has the ALIP, then the following diagram is a pullback in Mod™*S:

<Fm(X)»@X>* Ox =CxIl

Fm(z),07 O = Ox NFmW)

- Oy = CyOw
>*

/

(Fm(W),0w)* >

\
(F

m(Y), Oy 8z =Czl

whereT' C X is arbitrary.
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Proof of the characterization of ALIP

"7, Fo)
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Proof of the characterization of ALIP
(=)
Take " = StKlFA, O =Cgl',064=05nN Fm(A), Oc =CcO,y, Cp = Ol

<B7 FB>

ar

<CaFC>
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Proof of the characterization of ALIP

=)

Take " = StKlFA, O =Cgl',064=05nN Fm(A), Oc =CcO,y, Cp = Ol

; (B, Fg) ; (Fm(B),03)
(A, Fy (Fm(A),04) (Fm(E), Og)
\‘ g /
(C,Fc) (Fm(C),0¢)
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Proof of the characterization of ALIP

=)

Take " = StKlFA, O =Cgl',064=05nN Fm(A), Oc =CcO,y, Cp = Ol

st

<B, FB> «

W vn L T

(A, Fp)«——2  (Fm(A),0,)" (Fm(E),Op)"
\ st g /
(C, Fo)* < (Fm(C),0¢)"
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; (B, Fg) « 7 (Fm(B),0p)"
\r/ st / \
(A, Fa) 4——2— (Fm(4),04)" > (Fm(E), Og)*
9\ stc E\ /
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Proof of the characterization of ALIP

=)

Take " = StKlFA, O =Cgl',064=05nN Fm(A), Oc =CcO,y, Cp = Ol

<BaFB>
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Proof of the characterization of ALIP
(<)

Given T, %, ¢, ¢ satisfying the hypothesis of ALIP, and (¢, ¢) € £2(CsT)
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Proof of the characterization of ALIP
(<)

Given T, %, ¢, ¢ satisfying the hypothesis of ALIP, and (¢, ¢) € £2(CsT)
Take: X =var(l', ), Y =var(Z,¢), W=XnNY,Z=XUY.
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A slight modifiation: LIP’

Leibniz Interpolation Property’
For every pair of formulas ¢, 1, and every set of formulas T,

if var(X, ) Nvar(T',¥) # (0 or thelanguage of S has a constant, then

{ <(p76> € ‘Q(CSF)
(p, ) € 2(CsT) = Fisit. (6,1) € 2(CsT)
var(0) C var(T, ) Nvar(T, 1)
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A slight modifiation: LIP’

Leibniz Interpolation Property’
For every pair of formulas ¢, 1, and every set of formulas T,

if var(X, ) Nvar(T',¥) # (0 or thelanguage of S has a constant, then

{ <(p76> € ‘Q(CSF)
(p, ) € 2(CsT) = Fisit. (6,1) € 2(CsT)
var(0) C var(T, ) Nvar(T, 1)

Theorem
Every equivalential logic satisfies LIP".
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Outline

Introduction

Definitions and characterizations of Leiniz Interpolation Properties
Connection with other interpolation properties

Final remarks

vV v.v Y
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Regularity

Definition

A sentential logic S is regular if every reduced model (A, F') of S is such that
F = {a} for some a € A.
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Regularity

Definition
A sentential logic S is regular if every reduced model (A, F') of S is such that
F = {a} for some a € A.

A sentential logic S has a generalized conjunction if there exists a set of
formulas in two variables A(z,y) such that

(i) 2,y Fs Az, y),
(i) Az, y) Fs x,y.
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Regularity

Definition
A sentential logic S is regular if every reduced model (A, F') of S is such that
F = {a} for some a € A.

A sentential logic S has a generalized conjunction if there exists a set of
formulas in two variables A(z,y) such that

(i) 2,y Fs Az, y),
(i) Az, y) Fs x,y.

Definition
We say that S is (T, A)-regular if T is a constant of the language of S, A is a
generalized conjunction for S and

(i) Fs T,

(i) forevery I'U {o} C Fm(X),ifI' s pthen A(p, T) C [Tlowsr)-
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If S is equivalential and regular or (T, A)-regular:

Maehara-Leibniz

Property

Leonardo Manuel Cabrer & José Gil-Férez (JAIST)

Interpolation =

Robinson-Leibniz
Interpolation
Property

Asymmetric Leibniz
Interpolation
Property

Leibniz Interpolation Properties
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Maehara-Leibniz IP

Maehara IP
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Maehara-Leibniz IP

<B?FB>
/
<A’FA>
<CaFC>

Maehara IP
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Maehara-Leibniz IP

<B? FB>
/ N
(A Fy) > (E, Fg)
<Ca FC>

Maehara IP
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Maehara-Leibniz IP

<BaFB>
f \

(A,Ffo/> (E, Fg)

<CaFC>
Maehara IP
(B, Fi)
/

<A7FA>

<CvFC'>

Leonardo Manuel Cabrer & José Gil-Férez (JAIST) Leibniz Interpolation Properties LATD2010, September 2010 19/27



Maehara-Leibniz IP

; (B, F)
(A,F:l)/> \Z‘E,Fm
g (C, Fc)
Maehara IP
. (B, Fp)
<A,FA>/ \<‘E,FE>
9 (C, Fc)
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Robinson-Leibniz IP

Robinson IP
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Robinson-Leibniz IP

Robinson IP
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Robinson-Leibniz IP

f (B, Fg)
/ N
(A,FA)\> (E, Fg)
-" (C, Fc)

Robinson IP
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Robinson-Leibniz IP

<BaFB>
f \
(A,F;1< (E, Fg)
<CaFC>
Robinson IP
(B, Fp)
f
(A, Fa)
<CvFC'>
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Robinson-Leibniz IP

. (B, Fg)
Robinson IP
. (B, Fg)
(A,F< )\<‘E,FE>
g (C. Fe)
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Asymmetric Leibniz IP

Deductive IP

Leonardo Manuel Cabrer & José Gil-Fé ibniz Interpolation Properties LATD2010, September 2010 21/27



Asymmetric Leibniz IP

<B7FB>

/

<Aa FA>

(CvFC>

Deductive IP
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Asymmetric Leibniz IP

Deductive IP
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Asymmetric Leibniz IP

Deductive IP

<BaFB>

f
il

(0]

™~

<CaFC>
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Asymmetric Leibniz IP

Deductive IP

<BaFB

AN

(A, Fy) (E, F)

LS

<CaFC>
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Characterization of DIP

Theorem
For any equivalential logic S the following conditions are equivalent:
(i) S has the Deductive Interpolation Property;
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Characterization of DIP

Theorem
For any equivalential logic S the following conditions are equivalent:
(i) S has the Deductive Interpolation Property;

(i) Every pair of strict morphisms f : (A, F4) — (B, Fg) and
g:{A,Fa) — (C, Fc) in Mod"S can be completed to a diagram:
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Maehara-Leibniz

Property

¢

Maehara

Property
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Conclusions and Future Work
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Thank you for your attention!
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» Ihy x then daq,...,a, €T’ st a1 A Aay, Ry
» correspondence between formulas and MacNaughton functions, ¢ — @;
» the one-set of every formula «, is a rational polyhedron, 1,;
» if P C [0, 1]™ is a rational polyhedron, there exists a MacNaughton
function f € M([0,1]") such that 1, = P;
aby_petd e Fh=9

» if 7 : [0, 1]" — =[0,1]™ is a projection, then = and =—! map rational
polyhedra to rational polyhedra.
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t . satisfies ALIP

Proof:

» Suppose that I and ¥ are set of formulas, I' -y ¢ <> 9, and if we set
X =var(l',¢), Y = var(2,¢), W =X NY, thenT and X prove the same
formulas in W.
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