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Historical remarks

@ [M. Stone 1936]
Duality of Boolean algebras and Stone spaces
(compact totally disconnected spaces)

@ [M. Stone 1937]
“Less satisfactory” duality for distributive lattices

@ [H. Priestley 1970]
Duality of distributive lattices and Priestley spaces
(compact totally order-disconnected spaces)

@ [R. Cignoli 1986, A. Sendlewski 1990]
Priestley duality for N3-Lattices (models of explosive Nelson’s
logic N3) based on interpolation property [Monteiro 1963]
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Priestley Spaces

@ X = (X,<,7)is an ordered topological space if < is a partial
order on X and 7 a topology on X.
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Priestley Spaces

@ X = (X,<,7)is an ordered topological space if < is a partial
order on X and 7 a topology on X.

@ X is a totally order-disconnected topological space if for any
x,y € X with x £ y, there is a clopen cone U such that x € U and

yeU.

@ Priestley space is a compact totally order-disconnected
topological space.

@ 7 is the category of Priestley spaces and order preserving
continuous functions.
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Distributive lattices — Priestley spaces

@ D is the category of bounded distributive lattices and their
homomorphisms.
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Distributive lattices — Priestley spaces

@ D is the category of bounded distributive lattices and their
homomorphisms.

@ For A € Ob(D) define
X(A) = (X,<,7), where

@ X is the set of prime filters on A;
@ C is the set inclusion:;
@ ris given by the subbase:

oa(a):={PeX|aecP}and X\ o4(a), whereac A
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Distributive lattices — Priestley spaces

@ D is the category of bounded distributive lattices and their
homomorphisms.

@ For A € Ob(D) define

X(A) = (X,<,7), where
@ X is the set of prime filters on A;
@ C is the set inclusion;
@ ris given by the subbase:
oa(a):={PeX|aecP}and X\ o4(a), whereac A

@ For f: A — B, define X(f) : X(B) — X(A) by:
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Priestley spaces — Distributive lattices

@ For X € Ob(T), D(X) is the lattice of clopen cones in X'.

Sergei Odintsov ( Sobolev Institute of Mathe Priestley Duality LATD 2010 5/19



Priestley spaces — Distributive lattices

@ For X € Ob(T), D(X) is the lattice of clopen cones in X'.

@ For a 7-morphism f : X — X7,
D(f) : D(X’") — D(X)

is given by the prescription D(f)(U) := f~1(U).
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Priestley Duality

@ X:D — T and D : T — D are contravariant functors.
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@ X:D — T and D : T — D are contravariant functors.

@ For X € Ob(T),ex : X — XD(X) is a T-isomorphism.

ex(x):={UeD(X)|xe U}
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Priestley Duality

@ X:D — T and D : T — D are contravariant functors.

@ For X € Ob(T),ex : X — XD(X) is a T-isomorphism.

ex(x):={UeD(X)|xe U}

@ For A€ Ob(D), oa: A— DX(A)is a lattice isomorphism.

oa(@)={PeX|ac P}
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Priestley duality

@ Moreovero:1p =2 DoXande: 1+ = XoD are natural
isomorphisms, i.e., for any D-morphism f: A — B and

T-morphism g : X — ), the diagrams below are commutative.

A—A . DX(A) xX—=X L XD(X)
f DX(f) g XD(f)
B—95 . DX(B) y——=Y— XD(Y)
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Priestley duality

@ Moreovero:1p =2 DoXande: 1+ = XoD are natural
isomorphisms, i.e., for any D-morphism f: A — B and
T-morphism g : X — ), the diagrams below are commutative.

A—A . DX(A) xX—=X L XD(X)
f DX(f) g XD(f)
B—95 . DX(B) y——=Y— XD(Y)

@ Thus, the categories D and 7 are dually equivalent via functors X
and D.
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Duality for Heyting algebras (folklore)

@ Heyting space is a Priestley space X' s. t. U | is open for any U
openin X.
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@ For a Heyting space X, Dy(X) is the lattice D(X') with the
operation D:

UDV:=X\(U\V)| forany U,V € D(X).

Dy(X) is a Heyting algebra.

@ 7-morphism f: X — ) is a Heyting function if
~1(U |) = (F(V)) | for any U open in Y.
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Duality for Heyting algebras (folklore)

@ Heyting space is a Priestley space X' s. t. U | is open for any U
openin X.

@ For a Heyting space X, Dy(X) is the lattice D(X') with the
operation D:

UDV:=X\(U\V)| forany U,V € D(X).

Dy(X) is a Heyting algebra.
@ 7-morphism f: X — ) is a Heyting function if
~1(U |) = (F(V)) | for any U open in Y.

@ Categories H* of Heyting spaces and functions and # of Heyting
algebras and their homomorphisms are dually equivalent via Xy
and Dy.
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Priestley duality for De Morgan algebras
[Cornish & Fowler 77]

@ A De Morgan space is a pair (X, g), where

e X is a Priestley space;
@ g: X — X is an antimonotonic homeomorphism s.t. g% = idx.
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@ A De Morgan space is a pair (X, g), where

e X is a Priestley space;
@ g: X — X is an antimonotonic homeomorphism s.t. g% = idx.

e f:(X,g9) = (X', g)is a De Morgan function if fg = g'f.
@ For a De Morgan space (X, g), put:

M(X,g) := (D(X),N,U,~,a, X), where

~ U= X\ g(U).
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Priestley duality for De Morgan algebras
[Cornish & Fowler 77]

@ A De Morgan space is a pair (X, g), where

e X is a Priestley space;
@ g: X — X is an antimonotonic homeomorphism s.t. g% = idx.

e f:(X,g9) = (X', g)is a De Morgan function if fg = g'f.
@ For a De Morgan space (X, g), put:

M(X,g) := (D(X),N,U,~,a, X), where

~ U= X\ g(U).

@ For a De Morgan algebra A, put S(A) := (X(A), g), where

g(P):=A\P, P:={~alacP}.
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Axiomatics of N4

@ Language (V, A, —,~), where ~ is a strong negation.
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Axiomatics of N4

@ Language (V, A, —,~), where ~ is a strong negation.

@ Axioms of positive intuitionistic logic:

Pl.a— (8 — «) P2. (e NfB) = «
P3. (a = (B—=17)) = (e =)= (=) PA(anp)—F

P5. (a = B) = ((a = 7) = (a = (
P7. (a =)= ((B—=7) = ((aVvp)—
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Axiomatics of N4

@ Language (V, A, —,~), where ~ is a strong negation.

@ Axioms of positive intuitionistic logic:
Pl.a— (8 — «) P2. (e NfB) = «
P3. (a = (B—=17)) = (e =)= (=) PA(anp)—F
P5.(a—=8)—= (a—=7v)—=(a—= (BAY))) P6.a— (aVp)
P7.(a =)= ((B—7) = ((aVp)—=1)) P8.J—(aVp)

@ Strong negation axioms:
Ni.~(a—= )< an~( N2. ~ (aAB) &~ aV ~ [
N3. ~r~a - a N4. ~ (aV B) <3~ aA ~ .
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Axiomatics of N4

@ Language (V, A, —,~), where ~ is a strong negation.

@ Axioms of positive intuitionistic logic:
Pl.a— (8 — «) P2. (e NfB) = «
P3. (a = (B—=17)) = (e =)= (=) PA(anp)—F
P5.(a—=8)—= (a—=7v)—=(a—= (BAY))) P6.a— (aVp)
P7.(a =)= ((B—7) = ((aVp)—=1)) P8.J—(aVp)

@ Strong negation axioms:

Ni.~(a—= )< an~( N2. ~ (aAB) &~ aV ~ [
N3. ~r~a - a N4. ~ (aV B) <3~ aA ~ .
@ Inference rule: 5
a, o —
mMp ——
B
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Logics N3 and N4~

N3 =N4+{~p—(p—9q)}
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Logics N3 and N4~

N3 =N4+{~p—(p—9q)}
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Logics N3 and N4~

N3 =N4+{~p—(p—9q)}

@ N4 in the language (V, A, —, ~, L) with additional axioms
1l —pand p—o~ L

@ Put L :=~(pg— pp). ThenN3+ L —-p, p—>~ L

@ Constructive Negation Property
N4t~ (pAY) = NAF~porN4t~
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Logics N3 and N4~

N3 =N4+{~p—(p—9q)}
@ N4 in the language (V, A, —, ~, L) with additional axioms
1l —pand p—o~ L
@ Put L :=~(pg— pp). ThenN3+ L —-p, p—>~ L
@ Constructive Negation Property
N4t~ (pAY) = NAF~porN4t~
@ Weak Replacement for Nelson logic

ey ~p o~
X(») < x(¥)
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N4 -lattices [Odintsov05]

A= (A V,A —, ~, L 1)is an N4*-lattice if:
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A= (A V, A —, ~, 1 1)is an N4 -lattice if:
@ (A V,A,~, L, 1)is aDe Morgan algebra;

@ =, where a=< bdenotes (a— b) —» (a— b)=a— b,isa
preordering on A;

~:==< N =<""is a congruence wrt \V, A, — and
Aws = (A, V, N, —, L, 1)/ =~ is a Heyting algebra;
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N4*-lattices [Odintsov05]

A= (A V, A —, ~, 1 1)is an N4 -lattice if:
@ (A V,A,~, L, 1)is aDe Morgan algebra;

@ =, where a=< bdenotes (a— b) —» (a— b)=a— b,isa
preordering on A;

~:==< N =<""is a congruence wrt \V, A, — and
Aws = (A, V, N, —, L, 1)/ =~ is a Heyting algebra;

Q ~(a— b)~an~b;
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N4*-lattices [Odintsov05]

A= (A V, A —, ~, 1 1)is an N4 -lattice if:
@ (A V,A,~, L, 1)is aDe Morgan algebra;

@ =, where a=< bdenotes (a— b) —» (a— b)=a— b,isa
preordering on A;

~:==< N =<""is a congruence wrt \V, A, — and
Aws = (A, V, N, —, L, 1)/ =~ is a Heyting algebra;

Q ~(a— b)~an~b;

@ a<bifandonlyifa<band ~ b <~ a.
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N4*-lattices [Odintsov05]

A= (A V, A —, ~, 1 1)is an N4 -lattice if:
@ (A V,A,~, L, 1)is aDe Morgan algebra;

@ =, where a=< bdenotes (a— b) —» (a— b)=a— b,isa
preordering on A;

~:==< N =<""is a congruence wrt \V, A, — and
Ao = (A, V, N\, —, L, 1)/ =~ is a Heyting algebra;

Q ~(a— b)~an~b;

@ a<bifandonlyifa<band ~ b <~ a.

A = piff o = ¢ = ¢ is an identity on A
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N3-lattices [Rasiowa58]

@ An N3-lattice A is an N4+ -lattice s.t. aA ~a< bfora,be A
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N3-lattices [Rasiowa58]

@ An N3-lattice A is an N4+ -lattice s.t. aA ~a< bfora,be A

@ inwhichcasea<bea— b=1
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N3-lattices [Rasiowa58]

@ An N3-lattice A is an N4*-lattice s.t. arn ~ a < b for abeA
@ inwhichcasea<bea—b=1

Q AE ¢iff o =1is an identity on A
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N3-lattices [Rasiowa58]

@ An N3-lattice A is an N4+ -lattice s.t. aA ~a< bfora,be A
@ inwhichcasea<bsa— b=1

Q AE ¢iff o =1is an identity on A

© weak implication via relative pseudo complement in N3-lattices

a—-b=a>(~aVvb),wheread b :=sup{x|anx<b}
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N3-lattices [Rasiowa58]

@ An N3-lattice A is an N4+ -lattice s.t. aA ~a< bfora,be A
@ inwhichcasea<bsa— b=1

Q AE ¢iff o =1is an identity on A

© weak implication via relative pseudo complement in N3-lattices

a—-b=a>(~aVvb),wheread b :=sup{x|anx<b}

@ similar formula for N4--lattices

a—b=~-a>(—-aVvb),where-a=a— L

Sergei Odintsov ( Sobolev Institute of Mathe Priestley Duality LATD 2010 13/19



Special filters [Rasiowa58] on N4*-lattices

@ Let A be an N4*-lattice and @ # F C A.
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Special filters [Rasiowa58] on N4*-lattices

@ Let A be an N4*-lattice and @ # F C A.

@ Fis a special filter of the first kind (sffk) on A if:

Q@ anbe FforanyabeF,
@ acFanda— bec F(a=b)impliesbe F.

@ The lattice of sffk is isomorphic to the lattice of filters of Ay

@ Fis a special filter of the second kind (sfsk) on A if:

Q@ anbe FforanyabeF,
@ acFand~b—~ac F(~b=~a)impliesbc F.

@ The lattice of sfsk is isomorphic to the lattice of ideals of A

@ Every prime (lattice) filter on A is either sffk or sfsk.
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De Morgan space of an N4*-lattice A

@ Since A is a De Morgan algebra,
(X(A),9), where g(P) = A\ P,P={~al|ac P},isaDe
Morgan space.
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De Morgan space of an N4*-lattice A

@ Since A is a De Morgan algebra,
(X(A),9), where g(P) = A\ P,P={~al|ac P},isaDe
Morgan space.

Q Put
X'(A) = {PeX(A)]|Pis a sffk}
X2(A) = {PeX(A)|Pis a sfsk}
H(A) = {PeX(A)IPCg(P)}
X7(A) = {PeX(A)|g(P)cC P}

>
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De Morgan space of an N4*-lattice A

@ Since A is a De Morgan algebra,
(X(A),9), where g(P) = A\ P, P={~a|ac P},isaDe
Morgan space.

Q Put
X'(A) = {PeX(A)]|Pis a sffk}
X2(A) = {PeX(A)|Pis a sfsk}
H(A) = {PeX(A)IPCg(P)}
X7(A) = {PeX(A)|g(P)cC P}

>

Q g(X'(A4)) = X*(A) and g(X*(A)) = X" (A)
Q A is an N3-lattice iff
X1(A) = X*(A) and X2(A) = X~ (A)
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N3-spaces [Cignoli 86, Sendlewski 90]

X =(X,<,7,9), where X is a set, < a partial orderon X, g: X — X,
and 7 is a topology on X, is an N4-space if:

Q@ (X,<,7,9)is aDe Morgan space;

Q (X', <[|x+,7 Ix+)is a Heyting space, where
Xt i={x|x<9(x)}

© (Monteiro Interpolation Property) for any x € X* and y € X, if
x <y, thenthere exists z € X s.t. x,9(y) <z <g(x),y

a(x) y
AN
/

X
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N4-spaces

Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g : X — X, and 7 is a topology on X.
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N4-spaces

Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g : X — X, and 7 is a topology on X. Put

X2 :=g(X"), Xt ={xeX|x<g(x)}, X" :={xeX|g(x)<x}
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N4-spaces
Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g : X — X, and 7 is a topology on X. Put

X2 :=g(X"), Xt ={xeX|x<g(x)}, X" :={xeX|g(x)<x}

X is said to be an N4-space if:

@ (X,<,7,9)is aDe Morgan space;
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N4-spaces

Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g: X — X, and 7 is a topology on X. Put

X2 :=g(X"), XT ={xeX|x<g(x)}, X :={xeX|g(x)<x}
X is said to be an N4-space if:

@ (X,<,7,9)is aDe Morgan space;
Q@ X'isclosedinT, X=X'UX?, and X"n X% =Xt NnX";
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Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g: X — X, and 7 is a topology on X. Put

X2 :=g(X"), XT ={xeX|x<g(x)}, X :={xeX|g(x)<x}
X is said to be an N4-space if:

@ (X,<,7,9)is aDe Morgan space;

Q X'isclosedinT, X =X"UX2,and X' N X2 =XTnX";

Q (X', <Ixi,7 Ix1) is a Heyting space;

Q forany x e X'and y € X2,if x < y,thenx € X*, y € X~, and
there exists z € X s.t. x,9(y) < z < g(x), y;
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N4-spaces

Consider a tuple X = (X, X', <,7,g), where X isaset, X' C X, <isa
partial order on X, g: X — X, and 7 is a topology on X. Put

X2 :=g(X"), XT ={xeX|x<g(x)}, X :={xeX|g(x)<x}
X is said to be an N4-space if:

@ (X,<,7,9)is aDe Morgan space;
Q XlisclosedinT, X=X'"UX?, and X' NnX2=XTnNnX";
Q (X', <Ixi,7 Ix1) is a Heyting space;

Q forany x e X'and y € X2,if x < y,thenx € X*, y € X~, and
there exists z € X s.t. x,9(y) < z < g(x), y;

@ forany x e X?andy € X',if x < y,thenx € X*,y € X~, and
X< g(y)
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Duality

@ Let A be an N4+-lattice. Then
O(A) := (X(A), X' (A), C, 74, 94),

where

o X(.A) are all prime filters on A
e X'(A) are all sffkin X(A)
e 74 and g4 as for De Morgan algebras

is an N4-space.
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Duality

@ Let A be an N4+-lattice. Then

O(A) := (X(A), X (A), S, 74, g),

where

o X(.A) are all prime filters on A
e X'(A) are all sffkin X(A)
e 74 and g4 as for De Morgan algebras

is an N4-space.

Q Let X = (X, X', <,7,9) be an N4-space. Then
N(X) = (D(X),U,n, =, ~, &, X), where

~ U= X\g(U),

U— V= (X"\ ((U\ V) XT) 1)U X2\ (g(U)\ V),
is an N4 -lattice.
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N4-function

fo(X, X', <,7,9) = (Y, Y, <, 7, g) is an N4-function if:

Q f:(X<,1,9) = (Y, <, 7, 9)is a De Morgan function, i.e., an
order preserving continuous mapping s. t. fg = g'f;

Q f(X")cvh
© f [y is a Heyting function.
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